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Introduction

In this essay, we study the behavior of a macroscopic volume of gas enclosed
in a vessel. The trajectories of this system cannot be studied in depth by
using the laws of classical physics, since the very large number of molecules1

makes it impossible to compute the behavior of these elements one by one.
It is for instance generally admitted that 1 cm3 of gas contains about 1020

molecules, a number so large that even obtaining the initial data for these
molecules seen as mass points is difficult, if not impossible, since all the
measures would have to be made at the same exact time, along with those
of the velocities required to complete the description of the system. Several
theoretical problems also arise when one tries to imagine how such a system
could be simulated. Indeed, it would require simulating almost all particles
in the universe, since, according to Borel [3] a 1 cm movement of 1 gramme
of matter in a star generates a perturbation in the gravitational field on the
earth which is larger than 10−100 compared to the forces encountered in daily
life. Ignoring those effects is sufficient to widely affect the computation of
the dynamics of two initially very close molecules. A similar, yet less spec-
tacular issue is linked to the errors in computations.

Regarding these elements, studying such systems seems hopeless. In the
XIXth century, Maxwell realized a conceptual leap leading to statistical me-
chanics by working in the phase space and introducing the idea of statistical
distribution over this phase space.

The model. In order to describe these two concepts, let us first intro-
duce a mathematical model of the system. Consider N molecules, identified
as mass points, and call x̄i the position vector of the N -th particle, ξ̄i its ve-
locity vector, with i in {1, ..., N}. All those vectors are 3-dimensional. Both
x̄i and ξ̄i are functions of t, and the equations of motions are given by:

˙̄xi = ξ̄i,
˙̄ξi = X̄i

where, for all i in {1, ..., N}, X̄i is the force acting upon the i-th particle
divided by the mass of this particle.

The phase space. Let us consider a system of N mass points. This
system therefore has 3N cartesian coordinates. It is more convenient to work
in the phase space, which is the 6N dimensional space where the Cartesian
coordinates are the N position vectors xi (3N dimensional) and the N ve-
locity vectors ξi. The whole system can then be represented by a unique

1Neglecting quantum effects, we consider here such molecules as particles obeying the
laws of classical mechanics
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point at each time, that point having 6N coordinates. This definition of
phase space will be sufficient for our study, even though it is a little restric-
tive: in more general cases it can be necessary to add further information to
fully describe all the possible states of the mathematical model of a system.
This information can for instance be the orientation in a case of a solid body.

Statistical distribution over the phase space As mentioned before,
it is not possible to measure the initial data of the system with absolute
accuracy, both because of the large value of N in general, and since we are
limited by the instruments we use for such measures. The solution introduced
during the XIXth century by Maxwell and which was based on the earlier
work of Bernoulli consists in considering a statistical distribution over this
phase space. The distribution will describe a large range of possible positions
and velocities for the system. We can introduce an initial distribution for our
system, which reflects the distribution of the possible states at time t = 0.
The study of the mechanical system then becomes the one of the probability
distribution starting from the initial distribution at subsequent times.

To derive this probability distribution, we need to find a so-called evo-
lution equation for the system. This complicated work was initiated by
Boltzmann and Maxwell in the XIXth century, and a significant achieve-
ment was the discovery of the famous Boltzmann equation, satisfied by the
distribution function of the system. This equation has a key feature which
can be observed when focusing on a special quantity called the entropy.
This latter quantity only evolves in one way with time: it increases until it
reaches an equilibrium, at which we can fully characterize the distribution
as a Gaussian distribution (called a Maxwellian in the context of statistical
mechanics). This result is the content of the so-called H-theorem, and it
raises two main paradoxes, including the so-called Zermelo paradox. The
starting point of Zermelo’s paradox is Poincaré’s recurrence theorem, stat-
ing that all the particles of the gas will come back almost perfectly to their
initial positions after a sufficiently long time, restoring the initial value of
the entropy. This result proves that after a sufficiently long time (possibly
very, very, very long), the Boltzmann equation will no longer be an adequate
tool to describe our system. The key answer to this paradox is that the
recurrence time in Poincaré’s theorem is too long to be of any impact in our
context, as the estimated age of the universe itself is negligible in comparison
with this quantity. However, this discussion can still play a role when one
wants to understand how the convergence to the equilibrium distribution,
predicted by the H-theorem, takes place. The aim is then to find a quanti-
tative estimate for the rate of convergence to equilibrium in the context of
the Boltzmann-Grad’s limit (in short, a case where the number of particles
is of order 1

r2 , where r will be the radius of one molecule) which will confirm
that the recurrence time in Poincaré’s theorem is too big to have an impact
on our computation, even when we are looking at the convergence in time of
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the distribution function towards the Maxwellian.

Here, we mainly investigate the case of a collisionless gas, for which the
collision term of the Boltzmann equation can be neglected. Moreover, the
only boundary case considered is the diffuse reflection, a feature which is
very natural when one works in the collisionless case.

In section 1, we will present some basic facts about kinetic theory. We
will also prove the Boltzmann H-theorem and Poincaré’s recurrence theorem,
and give details about Zermelo’s paradox. Most of the work in this section
is inspired by the brilliant book of Cercignani [4].

Section 2 is devoted to the results obtained by Aoki and Golse [1]. They
showed, in a spherically symmetric domain, that the convergence in an
adapted Lp-norm is realized in O( 1

tmin(1,3/p) ) for 1 ≤ p < ∞, provided that
the initial data is spherically symmetric. We also give numerical evidence
based on the results obtained by Tsuji, Aoki and Golse [15].

Section 3 is devoted to the study of the same problem realized by Kuo,
Liu and Tsai [13]. The main difference with the work from Tsuji et al. [15]
and Aoki and Golse [1] is that the symmetry assumption for the initial data
is dropped. The domain of study is however still symmetric, and the main
result is again a decay rate towards the Maxwellian of order 1

(t+1)3 .
We finally draw in section 4 a comparison with the collisional case, as

studied by Guo [11]. The proof of its main result is significantly harder, so
we took the liberty of only sketching several proofs for the sake of concise-
ness. The main result is the exponential decay towards equilibrium of the
distribution function in a near-Maxwellian regime.

Most of this introduction was inspired by Cercignani [4], and Villani and
Mouhot [19].
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1 Preliminaries: key notions in kinetic theory

1.1 Hard spheres and rigid walls

We start by detailing the concept of gases of hard spheres, which will be
particularly important to allow us to characterize Knudsen gases (collision-
less) and gases where collisions cannot be neglected. A gas of hard spheres
can be seen as a system of many “billiard balls”. These molecules do not
have interaction at a distance, but can collide into each other according to
the laws of elastic impact. That is, two balls will exert forces one on each
other for a relatively short time. An elastic collision is characterized by the
fact that no kinetic energy is loss. It is reasonable to make this assumption
for our system since the loss of kinetic energy through the conversion in in-
ternal energy can be neglected. We will assume that the diameter of our
spheres is σ. We can model the collisions as follows: we consider two hard
spheres, which can be identified mathematically to two mass points in the
space, x1 and x2, where no force is exerted by x1 on x2 and vice versa when
d(x1, x2) > σ, and we have an interaction with a formally infinite repulsive
central force when d(x1, x2) = σ, so that the two hard spheres can not be
closer than σ. In that case, if the spheres have initially velocities ξ1 and ξ2,
their new velocities, after the collision, will be given by:

ξ
′
1 = ξ1− < ξ1 − ξ2, w > w

ξ
′
2 = ξ2+ < ξ1 − ξ2, w > w

(1)

where w is the direction (normalized) of the line joining the two mass points
(the center of our hard spheres), seen as an element of S2.

Let us prove here a lemma that we will need later:

Lemma 1. The transformation matrix A from ξ
′ to ξ is orthogonal and its

Jacobian is -1.

Proof. First, note that the equations (1) can be derived from the following
basic relations describing the interaction:

ξ1 = ξ
′
1− < w, ξ

′
1 − ξ

′
2 > w

ξ2 = ξ
′
2− < w, ξ

′
2 − ξ

′
1 > w

(2)

along with two key properties: conservation of momentum

ξ1 + ξ2 = ξ
′
1 + ξ

′
2 (3)

and conservation of energy:

ξ2
1 + ξ2

2 = ξ
′2
1 + ξ

′2
2 (4)
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Equation (2) along with (1) clearly show (the equations are exactly the
same, where we simply exchanged the roles of ξi and ξ

′
i for i = 1, 2) that the

linear transformation from ξ to ξ′ is described by the same matrix as the one
for the reverse transformation. Hence A is equal to its inverse. In particular
its Jacobian can only be 1 or -1, since the determinant of A2 is 1. To see
that the Jacobian is actually 1, let us introduce a few new transformations:

ξ̄′ =
1

2
(ξ
′
1 + ξ

′
2) ξ̄ =

1

2
(ξ1 + ξ2)

V
′

= ξ
′
1 − ξ

′
2 V = ξ1 − ξ2

Physical interpretations of those quantities are straightforward: ξ̄ is the
velocity of the center of mass after the impact, V is the relative velocity
after the impact, and the ′ denote the same quantities before the impact. By
conservation of momentum, we have ξ̄′ = ξ̄. Also, by equations (2):

ξ1 − ξ2 = ξ
′
1 − ξ

′
2 − 2w < w, ξ

′
1 − ξ

′
2 >

we get V = V
′ − 2w < w, V

′
>. The Jacobian of this transformation from

(ξ̄′ , V
′
) to (ξ̄, V ) is then the one of the transformation from V

′ to V since
the transformation from ξ̄′ to ξ̄ is the identity. To compute this Jacobian we
will consider the transformation along w and in the tangential plane. Along
w, we have:

< V,w >=< V
′
, w > −2 < w,w >< V

′
, w >= − < V ′, w >

In the tangential plane, we obtain:

< V,w⊥ >=< V
′
, w⊥ > −2 < w,w⊥ >< w, V

′
>=< V

′
, w⊥ >

The second transformation is the identity, the first one has a Jacobian of -1
so finally, J(ξ̄, V |ξ̄′ , V ′) = −1. To conclude the proof, note:

J(ξ1, ξ2|ξ
′
1, ξ2

′) = J(ξ1, ξ2|ξ̄, V )J(ξ̄, V |ξ̄′ , V ′)J(ξ̄
′
, V
′ |ξ′1, ξ2

′)

= J̄ · (−1) · 1

J̄
= −1

where we denoted J̄ the Jacobian of the transformation from (x, y) to (1
2(x+

y), x− y) which is of course finite and different from 0.

1.1.1 Reflection at the boundary

A second type of collision can happen when the gas in enclosed, for instance
in a vessel as in this essay. We adopt here a presentation close to the one
given by Guo in [12]. In that case, we need to take into consideration the
collisions between hard spheres and the wall. Let us denote f = f(t, x, ξ)
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for our distribution function in the phase space, where t is the time, x the
position vector and ξ the velocity vector. If we denote n(y) the outward
normal vector to the wall at the boundary point y, we first need to identify
the values (x, ξ) that correspond to interaction with the boundary for a mass
point in the phase space (here and in all this essay, the point is considered
as an element of R3×R3, not of R6N like it would be if we were considering
the whole system as a point). The set of such points is called the incoming
boundary, denoted Γ− and defined as:

Γ− = {(x, ξ) ∈ ∂Ω× R3 : n(x) · ξ < 0}

where Ω is the space in which our gas evolves. These are the points in
the phase space such that, at the boundary, the velocity vector is pointing
towards the outside: hence, they have not yet been involved into a collision
with the boundary and are reflected, which will change the direction of the
velocity vector. After the reflection, these points will belong to the set,
denoted Γ+, named the outgoing boundary, which is the set of all points that
have just been reflected.

Γ+ = {(x, ξ) ∈ ∂Ω× R3 : n(x) · ξ > 0}

The interactions with the wall can be of several type: the in-flow reflec-
tion occurs when the function f at Γ− is equal to an other defined function
g, the bounce-back reflection when the particle is simply reflected via a “re-
bound” at the boundary, the specular reflection which is the one encounters
naturally when light hits a flat mirror for instance. In this case, mathemat-
ically we can define a kernel:

R(x)ξ = ξ − 2(n(x) · ξ)n(x)

and we then have:
f(t, x, ξ)|Γ− = f(t, x,R(x)ξ)

The reflection which will be investigated in this essay is the diffuse reflection,
which corresponds to the equation:

(f(t, x, ξ)|ξ · n(x)|)|Γ− =

∫
ξ
′ ·n(x)>0

f(t, x, ξ
′
)ξ
′ · n(x)K(x, ξ, dξ

′
) (5)

where K is a measure-valued kernel that satisfies some conditions that we
will make precise in section 2. Diffuse reflection was introduced in [14] by
Maxwell. The consideration of such reflection appeared necessary, since one
of the consequences of specular reflection is that the gas can not exert any
stress on the surface in tangential direction, while such stress can be exerted
in reality.

Accomodation coefficients: Once specular and diffuse reflections have
been defined, a natural extension is a combination of both. The idea is that
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a portion of every surface element will absorb all the molecules incident upon
it, and let them re-evaporate with a velocity compatible with the distribution
function of the gas at equilibrium with the same temperature as the one at
the solid wall (which can of course be different from the one of the gas inside
the vessel). The remaining portion of every surface element perfectly reflects
the incident molecules (specular reflection). In this case, we can generalize
the boundary condition, giving it the form:

f(t, x, ξ)|Γ− |ξ · n(x)| =
∫
ξ′ ·n(x)>0

R(ξ
′
, ξ;x, t)(n(x) · ξ′)dξ′ (6)

R is a kernel, which represents the probability density that a molecule inci-
dent to the wall with an initial velocity between ξ′ and ξ′ + dξ

′ at the point
of space-time (x, t) re-emerges at practically the same point (note that the
integral is independent from x and t) with velocity between ξ and ξ + dξ
after a very small time interval. In this setting, the specular reflection can
simply be written as a composition of f and a Dirac-delta function centered
at ξ′ − ξ + 2(n(x) · ξ)n(x), where the Dirac-delta function is defined by:∫

δ(x− x0)g(x)dx = g(x0)

for all x0 ∈ R3 and g regular enough so that the integral is well-defined. The
hypothesis of Maxwell can now be written as the following kernel, called the
Maxwell kernel in [4]:

R(ξ
′
, ξ;x, t) = (1− α)δ(ξ

′ − ξ + 2(n(x) · ξ)n(x)) + αf0(ξ)|ξ · n(x)| (7)

with ξ · n(x) > 0, ξ
′ · n(x) < 0, and f0 is the equilibrium distribution of the

gas at the wall temperature T0. α is the constant portion of every surface
element that absorbs the incident molecules.

At this point it is crucial to note the following: when we use the previous
kernel, molecules specularly reflected keep the same distribution function,
while molecules reflected diffusively have a new distribution function corre-
sponding to the equilibrium distribution of the gas at the wall temperature.
In particular, in the case where the distribution function within the vessel
is an equilibrium distribution for the gas at a temperature different from
the wall temperature, molecules absorbed and relaxed by the wall are “ther-
malized” and molecules specularly reflected keep the same temperature. In
a way, the formers are accommodated to the wall, while the specularly re-
flected molecules keep a distribution function which does not coincide with
the one at the wall. For this reason, our coefficient α is often called the
accommodation coefficient, as it is the portion of every surface element that
accommodates the incident molecules to the wall.
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1.2 Maxwellian distribution, equilibrium and the H-theorem

1.2.1 The Boltzmann equation

For a system of hard spheres, with a dilute regime that allows us to neglect
the collisions involving more than two spheres, Maxwell [14], derived an
evolution equation for the distribution function of the phase space of this
system, given by (in modern form):

∂f

∂t
+ v · ∇xf + F (t, x) = Q(f, f) (8)

This is the so-called Boltzmann equation. The left hand side describes the
evolution of the system through the variation of its distribution function,
taking into account the force F acting on the system. The right-hand side
is the collision operator. This non-linear operator takes into account the
collisions between the hard-spheres (which we assumed to be elastic), and
can be written as follows:

Q(f, f) =

∫
R3

∫
S2

B(ξ−ξ∗, w)(f(t, x, ξ
′
)f(t, x, ξ

′
∗)−f(t, x, ξ)f(t, x, ξ∗))dξ∗dw

(9)
ξ
′ and ξ′∗ are the velocities of two molecules before collision, while ξ and ξ∗ are
the velocities once the collision occurred. Note that this collision operator is
only about interaction inside our vessel, hence the collision is always between
two molecules and the reflection is always specular, since we assumed these
collisions to be elastic (see above). B is a collision kernel, which will integrate
all the complicated details about the interactions between two spheres. It
will thus be dependent of the physical model we will choose, as we will see
in 4.

1.2.2 The Boltzmann inequality

A natural thing to look for, when one wants to solve the Boltzmann equation,
is a positive function which will cancel the collision integral, as this is the
non-linear and complicated part of the equation (in cases where this term is
always 0, as we will see later, the Boltzmann equation simply reduces to a
free-transport equation). The problem of finding such functions is studied in
the appendix A, and in particular we focus on the so-called eightfold integral:

∫
Q(f, f)φ(ξ)dξ =

1

2m

∫
(f ′f ′∗ + f ′∗f

′

− ff∗ + f∗f)φ(ξ)B(θ, V )dξdξ∗dεdθ

(10)

where we have f ′ = f(ξ
′
), f∗ = f(ξ∗), etc..., m is the mass of one molecule

and φ a function so that both integrals are well defined. We prove in appendix
A the following propositions and a corollary of the first one:
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Proposition 1. Let f be a fixed distribution function. Assume φ is such that
the eightfold integral makes sense and φ satisfies:

φ+ φ∗ = φ
′
+ φ

′
∗ a.e. (11)

Then φ is collision invariant.

Corollary 1. • If φ is a constant, then φ is collision invariant.

• If φ is of the form
φ(ξ) = a+ b · ξ + cξ2 (12)

with a, c constant scalar and b is a constant vector, then φ is collision
invariant.

Proposition 2. The eightfold integral (??) cancels if and only if φ is such
that the integral makes sense and satisfies the equation (12).

Remark 1. Here and it what follows, the notation ξ2 should be interpreted
as |ξ|2.

Proof. of these three results: see appendix A.

Here and in what follows, we will assume the kernel B(θ, V ) to be non-
negative and null only at points so that θ = 0. This is not a strong assump-
tion, since this is the case in most models. An important feature of this
collision term is the following:

Proposition 3. For every distribution function f positive, the so-called Boltz-
mann’s inequality holds: ∫

log fQ(f, f) ≤ 0 (13)

with equality if and only if f can be written in the form:

f(ξ) = exp(a+ b · ξ + cξ2) (14)

where a and c are constant scalars, and b is a constant vector.

We are mostly interested in the following (easy) corollary:

Corollary 2. If f is a positive function, f is such that Q(f, f) = 0 if and
only if f is of the form:

f(ξ) = exp(a+ b · ξ + cξ2) (15)

where a and c are constant scalars, and b is a constant vector. In particular,
such functions exist.
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Proof. of Corollary 2: If f is such that Q(f, f) = 0, multiplying both sides
by log(f) and integrating on all velocities, we obtain the equality in (13).
From the Proposition 3, we then conclude that f is of the form (14).
Conversely if f is of the form (14), by corollary 1 applied to the constant 1,
we obtain Q(f, f) = 0.

Proof. of Proposition 3: We assume that f has enough regularity for the
integrals that follow to make sense. We have the following equality, which
is showed in the proof of proposition 1 from appendix A when we apply
equation (114) to φ = log f :∫

Q(f, f)φ(ξ)dξ =
1

4m

∫
(f ′f ′∗ − f∗f) log(ff∗/f

′f ′∗)B(θ, V )dξdξ∗dθdε (16)

=
1

4m

∫
f ′f ′∗(1− α)αB(θ, V )dξdξ∗dθdε (17)

where we denote α = ff∗
f ′f ′∗

. Of course f ′f ′∗ > 0 (both functions are positive
since f is), so this coefficient is always well defined.
Note that for all α > 0, (1− α) logα ≤ 0 with equality if and only if α = 1.
This comes from the fact that in (0,1), (1−α) > 0 and log(α) < 0, and vice
versa in (1,∞).
This is already enough to prove the inequality: since, by hypothesis, B(θ, V ) ≥
0 with equality if and only if θ = 0, and because (1−α) logα ≤ 0, (16) gives
the result, using that f ′f ′∗ > 0.
For the equality to hold we need either θ = 0 or α = 1 by the discussion
above. In most models of collisions, the first case is too "small" in terms of
measure (its Lebesgue-measure is 0) to be of interest, so we can focus on the
case α = 1 which is equivalent to ff∗ = f ′f ′∗ outside a set of measure 0. In
this case:

log(ff∗) = log(f
′
f
′
∗) a.e

φ+ φ∗ =φ
′
+ φ

′
∗ a.e

for φ = log f , which is exactly the condition given by (11)! The proposi-
tion 2 terminates the proof.

A function of the form (14) is called a Maxwellian.
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1.2.3 The H-theorem

The H-theorem is a very beautiful result which explores properties of a so-
lution to the Boltzmann equation through a focus on the quantities:

H =

∫
f log fdξ

Hi =

∫
ξif log fdξ

We will study here a slightly more general case compared to what is needed
in this essay. The first easy result one can obtain for these quantities comes
directly from a Boltzmann equation which is less general than (8). In our
study, the gas is isolated in a vessel and therefore no force applies to the
system. As a result, we obtain the following equation:

∂f

∂t
+ ξi

∂f

∂xi
= Q(f, f)

In this case, assuming again that f has enough regularity:

Proposition 4. For H, Hi defined above, we have:

∂H
∂t

+
∂Hi
∂xi

= I ≤ 0 (18)

where I :=
∫

log fQ(f, f)dξ

Proof. Multiplying the Boltzmann equation by (1 + log f) and integrating
along all possible velocities, we obtain∫

(
∂f

∂t
+ ξi

∂f

∂xi
)(1 + log f)dξ =

∫
Q(f, f)(1 + log f)dξ

Note
∂

∂u
(f log f) =

∂f

∂u
log f +

∂f

∂u
= (1 + log f)

∂f

∂u

for u ∈ {t, xi, ξi}. By corollary 5, 1 is collision invariant so:∫ ( ∂
∂t

(f log f) + ξi
∂

∂xi
(flogf)

)
dξ =

∫
Q(f, f)(log f)dξ

At this point, the Boltzmann inequality for the right-hand side implies
that the left-hand side is smaller than or equal to 0, and we can apply the
theorem of derivation under the integral sign to conclude.

Let us give a first very easy form of the H-theorem, for a homogeneous
gas.
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Definition 1. We say a gas is (spatially) homogeneous if f is independent
of x.

Two straightforward consequences of this definition are that, in this case,
∂Hi
∂xi

= 0 and that H is a function depending only on time.

Theorem 1 (H-theorem, first form). If the gas is homogeneous, H is a
function of time only and is non-increasing in time. Moreover H is steady
if and only if f is a Maxwellian.

Proof. By equation (18) and the fact that the gas is homogeneous it is clear
that H is a function of time only and that it is non-increasing in time.
Because of the previous results from the appendix A, I = 0 if and only if f
is a Maxwellian.

A more interested result can be derived using more involved geometric
arguments. Our proof will require the following classical result, presented
here in the form given by Evans [8]:

Theorem 2 (Divergence Theorem). Assume R is bounded, open subset of
Rn and ∂R is C 1 For each vector field u ∈ C 1(R̄;Rn),∫

R
div(u)dx =

∫
∂R

u · n(x)dS(x)

We need first to interpret the previous quantities physically: the vector
H̄ = (H1,H2,H3) is the flow of H defined below, and H is the density
corresponding to this flow. Let us now denote I =

∫
Q(f, f) log(f)dξ as

before and introduce:
H =

∫
R
Hdx (19)

where R is a region filled by gas. We can link this quantity with I through
equation (18): when I = 0, H does not vary. The fact that I ≤ 0 and the
definition of I shows that collisions between molecules lower H. Also by
proposition 3, I = 0 if and only if f is a Maxwellian.
We will now use a classical technique to study a flow in kinetic theory:
we split this flow in two parts: H̄u the macroscopic flow of H, and its
microscopic flow, (1− u)H̄. The idea is to distinguish the action of the flow
at the steady state: in this situation the flow of H is not evolving anymore
macroscopically so if u is the macroscopic velocity of the flow in the region
R, we have u = 0.

We have Hu = 0 and the “hidden” flow due to random motions of the
particles H̄ − Hu is still different from zero and corresponds to the micro-
scopic action of this flow (in some way H, by being the density of H̄, is the
quantity that summarizes all the “aggregated” action of H̄, i.e. its macro-
scopic action.) So, integrating over R in the space variable, equation (18)
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becomes: ∫
R

∂H
∂t

+
∂Hi
∂xi

dx =

∫
R
Idx ≤ 0 (20)

We can interchange the derivation and the integral sign in the first term
by theorem (since f is a positive density), but this modification will involve
an extra term, due to the fact that in general the boundary of R is moving
at a velocity u0.

∂

∂t

∫
R
Hdx =

∫
R

∂H
∂t

dx+

∫
∂R
Hu0 · ndS

with dS a surface element of the boundary ∂R and n the inward normal at
the boundary.

Note that the second term in (20) corresponds exactly to the divergence
of the flow H̄. Using the Divergence Theorem, we get, assuming R is regular
enough: ∫

R

∂Hi
∂xi

dx =

∫
∂R

(H̄ · n)dS

Putting all together, we obtain:

∂H

∂t
−
∫
∂R

(H̄ · n−Hu0 · n)dS =

∫
R
Idx ≤ 0 (21)

We have just proven the biggest part of the following:

Theorem 3 (H-theorem, 2nd form). If the gas is enclosed in a region R
such that: ∫

∂R
(H̄ − Hu0) · ndS ≤ 0 (22)

then H is a function of time only, non-increasing and steady if and only if
f is a Maxwellian.

Proof. By the reasoning above, we know that if equation (22) holds, H,
which is a function of time only, is non-increasing. For H to be steady we
need both, from equation (21), I and the integral on the left-hand side of
(22) to be null. From the results from appendix A we know that a necessary
condition is that f is a Maxwellian (otherwise, I will not cancel). It is in fact
a sufficient condition, as in this case I = 0, and therefore by the definition
of H and equation (18), H is a conserved quantity.

At this point, it is interesting to link the statistical view of the system
with the macroscopic observable. Indeed, we have straightforward inter-
pretations of some moments of the distribution function as hydrodynamics
quantities. First the density ρ is given by:

ρ(t, x) =

∫
R3

f(t, x, ξ)dξ (23)
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The first order moment for the velocity corresponds to the (mean) macro-
scopic velocity u:

ρu(t, x) =

∫
R3

f(t, x, ξ)dξ (24)

A very important moment in our study is the “variance” in this context,
which corresponds roughly to the temperature θ:

3ρθ(t, x) =

∫
R3

f(t, x, ξ)(ξ − u)2dξ (25)

This quantity offers us an easy interpretation of the problem studied later,
as the molecules can be seen as thermalized at the boundary. We will get
back on this point in section 2.

In the case we will study, the gas is enclosed in a vessel which boundary
∂R is a solid wall at rest, so that u0 = 0. In appendix B, we prove the
following generalized version of the H-theorem, where T0 is the temperature
at the wall, R a constant called the Boltzmann constant and d∗Q the heat
transferred from the body to the gas:

Theorem 4 (Generalized H-Theorem). If the gas is bounded by solid wall
such that the condition (5) holds, H defined as before satisfies:

dH

dt
≤ −

∫
∂R

d∗Q

RT0
(26)

In the case where the heat transfer is never from the gas to the solid (i.e.
d∗Q ≥ 0 in ∂R), H is non-increasing and can be constant if and only if the
distribution function is a Maxwellian.

Proof. See appendix B.

1.2.4 Irreversibility

A main consequence of Boltzmann H-theorem is the so-called irreversibility.
The quantity H never increases even if the gas is enclosed in a body or when
there is no energy exchange between the gas and the outside of the vessel.
This feature can seem paradoxical at first, since the basic dynamic of our
system is completely reversible. Given a motion at time t, there is no issue
preventing us to consider the opposite of those velocities.

Loschmidt’s paradox formalize this discussion: in particular, by consid-
ering the opposite of the velocities for a given time in the initial problem,
we still obtain a valid system, except that we will obtain −dH

dt ≤ 0 which
contradicts the H-theorem, at least in the case where the gas is enclosed in
a vessel with specular reflection.
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The answer is related to the use of distribution function to derive the
Boltzmann’s equation. When we use the laws of classical mechanics, past
and future are arbitrary since the opposite motion of the particle is still
valid physically. Using the equations of motion, we can equally describe
what happened and what will happen compared to our current position.
However the way we define f as a distribution function, and in particular its
connexion with the collision term in the Boltzmann equation, defines a time
arrow going from the past to the future. This paradox is closely linked with
what we call the Boltzmann-Grad limit : to derive the Boltzmann equation,
one can consider a system of N particles with hard spheres of diameters σ for
instance and observe the Liouville equation satisfied by such system, which
reduces to:

∂PN
∂t

+ v · ∇xPN = 0 (|xi − xj | > σ, i 6= j) (27)

with x = (x1, x2, ..., xN )T , where PN is the probability density of the system.
The process of taking the limit in N (with σ → 0) to obtain the Boltzmann
equation tends to give to different initial configurations the same situation af-
ter some time, with high probability. In thermodynamics terms, the entropy
(−H in this case) can be interpreted as the number of microscopic initial
configurations described by the system and therefore it has to increase. The
irreversibility emphasizes a consequence of the statistical description we use:
the system evolves from a less probable state to a more probable one.

Zermelo’s paradox The second (slightly more subtle) paradox linked to
the H-theorem is related to a theorem proved by Poincaré. For a gas enclosed
in a vessel for which the particles obey the laws of classical mechanics, we
can use the conservation of energy, since we know that in our phase space
of dimension 6N where N is the number of particles, the point representing
the whole system will move only along one level set (bounded) of the energy
(the one corresponding to the initial energy). Let us now state and prove
the theorem in the form given by Villani [17]:

Theorem 5 (Poincaré’s recurrence theorem). With probability 1, all parti-
cles will come back to their initial positions (almost perfectly) after a suffi-
ciently long time.

Proof. Let us consider a probability measure µ on the phase space. Let us
call S the bounded level set of the energy in which the representative point
evolves. For all A ∈ S, denote At the image of A by the motion at time t.
We have µ(At) = µ(A) and µ(S) <∞. Let us assume there exists a subset
B so that the system never comes back to B (remember B is a region of
the phase space of the representative point, so the existence of such set will
contradict the theorem). Choose B small and λ := inft≥0{B ∩ Bt = ∅}, so
that λ is the first time at which B and Bt have an empty intersection. Note
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{t ≥ 0|B ∩ Bt = ∅} 6= ∅ by choice of B, so that λ is finite. Then we have
Bkλ ∩ Bjλ = ∅ for all (k 6= j, k, j ∈ N∗). Indeed, if it exists k, j so that
Bkλ = Bjλ, assuming w.l.o.g. k > j, we could trace the motion backwards
using its uniqueness for any given point of the phase space, so that B and
Bλ(k−j) would have points in common. Since (k − j)λ > λ this contradicts
the definition of B (we know that, at time λ, all points of B have left this
region and they will not come back). So {Bλk, k ∈ N∗} is a family of disjoint
sets. We also have µ(B) = µ(Bλ) = µ(B2λ) = .... so if µ(B) > 0,

µ(∪∞k=1Bkλ) = +∞

However, ∪∞k=1Bkλ ⊆ S since all the Bkλ are included in S and µ(S) < +∞.
This implies µ(B) = 0.

Poincaré’s recurrence theorem seems to contradict the Boltzmann equa-
tion. To simplify, let us consider here the case of specular reflection at the
boundary. In this situation all interactions are clearly following the laws of
classical mechanics, but the H-theorem is also valid. So, we have, on one
hand, that H is a non-decreasing function of time, and on the other hand
that after a (potentially long) time, the system is back (almost perfectly) to
its initial situation... and hence (once again almost perfectly) to its initial
value of H! (remember H only depends on f).
There exist a physical answer to this paradox: the recurrence time in the
Poincaré’s recurrence theorem is extremely large, so that the influence of this
theorem can always be neglected, because the portion of time we consider
for the evolution of our system is too small to be of any relevance compared
to the time unit of a cycle for the dynamical system. Approximate computa-
tions show that the recurrence time of a usual quantity of gas is a number so
big that it remains enormous when the time unit is the estimated age of the
Universe. Hence the Poincaré’s recurrence theorem does not contradict the
theory, but only proves that the Boltzmann equation becomes an inaccurate
model after an extremely long time.
This physical answer should, for the sake of rigor and to guarantee that our
comprehension of these phenomena is satisfying, be completed by quanti-
tative results. It is clear from the H-theorem above that, as time tends to
infinity, the solution to the Boltzmann equation minimizes the quantity H
under some constraints, mainly conservation of mass and of kinetic energy.
As we have seen, the minimizer is a Maxwellian, which gives that f is close
to a Gaussian distribution when t becomes large. However Poincaré’s re-
currence theorem emphasizes the need of a control on the time-scale of this
convergence. If, starting from an initial distribution, the time for the solution
to the Boltzmann equation to converge towards a Maxwellian is extremely
large, it might be the case that the objection which arises from the theorem
still holds.
The purpose of this essay is precisely to investigate several recent works that
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aim to establish precise rates of convergence to equilibrium for solutions of
the Boltzmann equation, for a gas enclosed in a vessel. The focus will be on
free molecular flow with diffuse reflection, as this is the natural boundary
condition for such a gas. We will also draw a comparison with the case of a
collisional gas, as studied in [12].

1.2.5 Equilibrium states

From the H-theorem we can deduce strong results for an isolated system as
those which will be considered in the following: for such systems there is no
energy exchange with the surroundings.

In this case, the theorem indicates that the quantity H evolves as t grows
until it reaches a minimum value (of course here we ignore the case where
some H flows into the system from the outside). We expect the limit as
t→∞ to be a steady state, at least when the theoretical steady state does
not contradict the boundary conditions and is itself stable.

The other case is when an energy transfer with the surroundings takes
place: d∗Q ≥ 0. Then, from (26) the steady state can not occur, unless
we have equality in (26). As we have previously seen, this implies that the
distribution function is a Maxwellian almost everywhere. This means that
the existence of a steady state is conditional to the compatibility between
the Maxwellian and the boundary conditions.

This discussion allows us to write down this essential consequence:

Proposition 5. At equilibrium, the distribution function must be a Maxwellian
distribution.

This will in particular motivates the choice of initial conditions made
in [15] and in [1]. When the kernel of the diffuse reflection corresponds
to a Maxwellian at the constant wall temperature, this implies that the
equilibrium distribution is the same Maxwellian distribution.

1.3 Mean-free path and Boltzmann limits

Let us now define a convenient notion: the one of mean-free path. The free
path represents the distance that spheres will travel between two consecutive
collisions. This variable is thus a function of the number of spheres per unit
of volume, and of the velocity of two spheres: the sphere we focus on to
compute the free path and the sphere with which it will collide next. We
are mostly interested in the notion of mean-free path, since, as usual in
statistical physics, it is easier to work with aggregated quantities. In this
case the mean-free path is computed by considering a sphere traveling in the
gas at a given velocity and represented by a single point. The other spheres
are considered at rest, and represented by spheres of a given radius, say σ.
If we denote l the mean-free path, we then have that our point of interest
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evolves in a cylinder of base πσ2 (the two bases of the cylinder being the
sphere against which our point last collide and the sphere against which it
will next collide) between the two collisions, and of length l. Thus, we have:

nlπσ2 = 1 (28)

l =
1

nπσ2
(29)

where n is the number of molecules per unit volume.
Consider now the following system: we study a finite volume V , in which

lies N molecules represented by hard spheres of radius σ. Recall that in a
typical volume of gas, the value of N is really high, so that we can easily
consider the limit of the quantities studied when N → ∞. In this case,
it seems that we face a contradiction: the volume occupied by the sphere,
σ3N tends to infinity, while the volume V is finite. Therefore, we also need
to make the assumption that σ → 0. These are the basis of statistical
mechanics, but the problem is a little bit more subtle, as several cases can
appear: for instance we can consider that Nσ3 → c > 0 where c is a constant,
or thatNσ3 → 0. These limits must be interpreted in terms of the proportion
of the volume occupied by the spheres: in the second case, this fraction is
negligible, and we speak about perfect gases. In the case of perfect gases, we
can still obtain more insight by looking at the "bigger" quantity Nσ2, which
is clearly related to the mean-free path as one can see from the formula above.
If Nσ2 → c

′ , with c′ > 0 constant, the mean free path for the total volume
(just replace n by N/V in equation (29)), is l = V

Nσ2π
and is thus finite,

so that the collisions can not be neglected. This is what defines so-called
Boltzmann gases. In the other case, the mean-free path is infinite, which
means that we can neglect the collisions with other spheres (in average, a
molecule will in fact only collide at the boundary if we take the case of a gas
enclosed in a vessel). We speak about Knudsen gases for this case. For such
gases, the Boltzmann equation (8) becomes a simpler equation, because the
collision term is 0 (the measure of the set of collisions between spheres is 0,
so that the integral defining Q(f, f) is worth 0). This is the free-transport
equation:

∂f

∂t
+ ξ · ∇xf = 0 (30)

and the starting point of our section 2.
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2 Relaxation of a collisionless gas towards equilib-
rium

Aoki and Golse [1] study the speed of convergence to equilibrium of a Knud-
sen gas enclosed in a vessel. We assume the diffuse reflection with a Maxwellian
kernel at the boundary, i.e. particles colliding at the boundary are reflected
according to a Gaussian distribution. As equation (25) shows, the temper-
ature of the wall is the variance of this distribution. In what follows the
initial distribution is a function with a temperature different than the one
at the wall. When a particle hits the boundary, it is reflected according to
the Gaussian at the wall, and in one sense we can interpret this reaction as
a thermalization of the particle. In our context the situation will always be
a gas enclosed in a vessel which walls are maintained at a constant temper-
ature. We know from section 1 that the limit of the distribution function
in this context is a Maxwellian, and if we want it to be steady we need it
to have the same temperature (i.e. the same variance) as the Maxwellian
at the wall. Ultimately the limit of f has to be the wall Maxwellian. One
of the main issues in this problem is the influence of low-speed particles on
the convergence. Indeed, particles centered around the velocity 0 can take a
very long time to reach the wall and be thermalized. Such particles create
a long-time memory effect, particularly visible in the results of [15], which
never really disappears, and therefore the convergence has to be treated with
a wise choice of norm, for which this long-time effect will not have an impact
so big that it forbids the convergence before an extremely long time.

2.1 General context: known results for the convergence rate
of a collisionless gas towards equilibrium

Desvillettes and Villani [6] study the rate of convergence of spatially inhomo-
geneous solutions of Boltzmann equation towards equilibrium. They assume
certain conditions, in particular strong estimates of smoothness, strict pos-
itivity and decay at large speeds. On the other hand their result is strong
in terms of dependency upon the initial data, since the initial distribution
function is not assumed to be close to equilibrium. The main result in [6] is
that the distance between the distribution function at time t and its limit
decays in O(t−k), for all k > 0, as t→∞. It is interesting to point out that
their result uses both the collision integral, the entropy production through
variants of the H-theorem, and combination with the free transport opera-
tor, 30. The case treated in [6] is however very different from the one we
are interested in here. Indeed, the focus of Desvillettes and Villani is on col-
lisional case, where the boundary condition is a specular or a bounce-back
reflection.
In general, we know that the process of convergence towards equilibrium can
be driven by two phenomena: collisions between molecules and collisions at
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the boundary. The bounce-back and specular reflection studied in [6] ex-
clude the convergence to be a consequence of boundary collisions, and is
thus unadapted to the study of a Knudsen gas, for which the intermolecular
collisions can be neglected. For the study of a collisional gas, the boundary
condition only plays a role in the conservation of total mass and energy.
Villani [18] extended the previous results to the case where the boundary
condition is diffuse, and for an accommodation reflection condition. How-
ever, the convergence is once again driven in parts by the collision process,
through the effect of the so-called hypocoercivity, making it impossible to
adapt to the case of a Knudsen gas directly. As we will see in 4, Guo [12]
also proved that if the initial data is close enough to a Maxwellian distribu-
tion (which we know is the form of the equilibrium distribution), we have an
exponential rate for the convergence of solutions to the Boltzmann equation
towards equilibrium (once again, for a collisional gas).

Physically it seems natural to conjecture that the diffuse reflection (or
the accommodation) reflection condition, can drive the distribution function
towards equilibrium by itself, even without the impact of the collision process,
and that this convergence is achieved in a reasonable amount of time.

2.2 The problem considered

To study the effect of the diffuse reflection condition on the convergence to
equilibrium, we consider a Knudsen gas, enclosed in a vessel, which can be
seen as a domain Ω of RN . We keep the boundary of the vessel, ∂Ω, at
constant temperature θw > 0. The distribution function of the gas, F =
F (t, x, ξ) satisfies:

• The free-transport equation (30)

• The diffuse reflection boundary condition (5), where x belongs to ∂Ω
and (x, ξ) ∈ Γ− as before.

• An initial condition : F (0, x, ξ) = F in(x, ξ).

The kernel K in the diffuse reflection boundary condition satisfies some
specific conditions. If n(x) is the outward normal unit vector for x ∈ ∂Ω:

• ∀x ∈ ∂Ω, ∫
ξ·n(x)<0

K(x, ξ, dξ
′
)dξ = dξ

′

• ∀x ∈ ∂Ω,

M(1,0,θ)(ξ)|ξ · n| =
∫
ξ′ ·n>0

M(1,0,θ)(ξ
′
)ξ
′ · nK(x, ξ, dξ

′
) ξ · n < 0
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if and only if θ = θw, whereM is the Maxwellian distribution defined by:

M(ρ,u,θ)(ξ) =
ρ

(2πθ)N/2
e−

(ξ−u)2

2θ ,

ρ being the density as described before, and u the velocity . This condition
means that the only distribution function which is invariant by reflection in
our setting is the Maxwellian with a temperature equal to the one at the
wall θw and a mean of 0. Set,

Mw =M(1,0,θw) M =M(1,0,1)

The kernel is then given by:

K(x, ξ, dξ
′
) =

Mw(ξ)|ξ · n|dξ′∫
y·n<0Mw(y)|y · n|dy

We know, from the results obtained by Arkeryd and Nouri [2], that we
have an L1 convergence:

F (t+., ., .)→ Mw

|Ω|

∫ ∫
Ω×RN

F indxdξ in L1([0, T ]×Ω×RN ) as t→∞

The question investigated in [1], based on the observation obtained numeri-
cally in [15], is to find a decay rate for some Lp norm as t→∞. The main
result of the paper is obtained with the following additional assumptions:

• Ω is a ball in R3. In particular the spherical symmetry of Ω is a key
argument for the results presented here.

• The distribution function of the gas at t = 0 is a radial function of
both the space and velocity variables.

• The reflection at the boundary is assumed to be a diffuse reflection,
and additionally the temperature at the wall is assumed to be constant.

One of the main issue with the collisionless gas is the case where the distribu-
tion function is concentrated near points of velocities 0. The only mechanism
driving the convergence to equilibrium is the collision at the boundary and
such points will not touch the wall of the vessel for a very long time. With-
out loss of generality, we will set in the previous context: Ω = B(0, 1), the
ball of radius 1 centered at the origin. We can also set θw = 1 the temper-
ature at the boundary. The initial boundary value problem satisfied by the
distribution function of our collisionless gas enclosed in Ω is then:

∂tf + ξ · ∇xf = 0, (t, x, ξ) ∈ R+ × Ω× R3

f(t, x, ξ) =
< f >+

< M >+
M(ξ), ξ · n(x) < 0, x ∈ S1

f |t=0(t, x, ξ) = f in(|x|, |ξ|), (x, ξ) ∈ Ω× R3

(31)
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where we define, for any function g,

< g >+=

∫
ξ·n(x)>0

g(ξ)ξ · n(x)dξ

To prove the main result, one crucially needs the existence and unicity
of the solution to such problem.

Theorem 6 (Existence and uniqueness of a solution to the problem, Ark-
eryd, Nouri). There exists a unique solution to the problem (31), which is in
L1∩L∞(Ω×R3) assuming 0 ≤ f in ≤ CM(ξ), and f in is radially symmetric.

Proof. We give here a personal sketch of proof, which is formal unless other
conditions are stated, and complete it with the results from Arkeryd and
Nouri. Let x ∈ B1(0). We set the backward exit time τx,ξ to be the first
time at which, starting from x and following the direction of its velocity ξ
backward, we hit the boundary (or the last hit at the boundary before the
current one if x ∈ S2):

τx,ξ := inf
t>0
{x− tξ 6∈ B1(0)}

We can then split the situation into two cases: for x ∈ B1(0), ξ ∈ R3 the
velocity (ξ · n(x) > 0 if x ∈ S2), we have:

• Either t is bigger than τx,ξ. In this case, we can trace back the tra-
jectory up to the last point where the molecule hit the boundary. We
have, from the boundary condition:

f(t, x, ξ) =
< f >+ (t− τx,ξ, x− τx,ξξ)

< M >+
M(ξ)

and we can write < f >+:= ν as it will be useful later.

• In the second case, t < τx,ξ which means that if we go backward along
the characteristic, we will reach the initial point where x was at t = 0.
In this case:

f(t, x, ξ) = f in(|x− tξ|, |ξ|)

We then have

f(t, x, ξ) = 1t>τx,ξ
ν(t− τx,ξ, x− τx,ξξ)

< M >+
M(ξ) + 1t<τx,ξf

in(|x− tξ|, |ξ|) (32)

This form satisfies the initial condition, the boundary condition (we will see
that there exist an explicit form of τx,ξ for this case). If we have the necessary
regularity for the free-transport equation to make sense (f C1 in time and
space for instance), f satisfies the equation. Otherwise, we have that f is a
solution in the weak sense. The proof of the fact that f ∈ L∞∩L1 under the

23



assumption on f in was done by Arkeryd and Nouri [2]. Once the regularity
and the fact that f is a solution in the weak sense is proven, uniqueness
follows naturally, for instance using the fundamental lemma of calculus of
variations.

Remark 2. In what follows we will only need the (semi-explicit) form of
f given in the proof above, but we will not need a particular regularity of
this solution. In particular in the main theorem 7 of this section, the notion
of solution in the weak L∞ sense is enough to provide the result, and the
solution is integrable in Ω × R3. By weak solution we mean that for all
φ ∈ C∞c (R+ × Ω× R3),∫ ∞

0

∫
Ω

∫
R3

((∂t + ξ · ∇x)φ)fdξdxdt+

∫
Ω

∫
R3

f in(x, ξ)φ(0, x, ξ)dxdξ

+

∫ ∞
0

∫
∂Ω

∫
ξ·n(x)<0

< f >+ (t, x)

< M >+
M(ξ)φ(t, x, ξ)dξdS(x)dt = 0

2.3 The main result

We will start by proving a lemma giving us an insight about the symmetry
of the solution. In what follows, we will always assume that f in is radially
symmetric.

Lemma 2. Let f be the solution to the initial boundary value problem (31).
Then if ν is defined by:

ν(t, x) =

∫
ξ·n(x)>0

f(t, x, ξ)ξ · n(x)dξ (t, x) ∈ R+ × Ω

ν is independent of x when x varies along S1.

This lemma gives us a strong result of independence of the values of the
solution to (31) at the boundary. In all the discussion, we emphasize the fact
that n depends on x by denoting n(x). The proof is quite straightforward
once we have uniqueness of the solution to (31), using a simple invariance
under rotation since x lies in S1.

Proof. Let Q ∈ O3(R) be an orthogonal matrix, and consider g defined by
g(t, x, ξ) = f(t, Qx,Qξ). The intuition behind this choice is that of course,
we want to multiply x by Q to check the invariance by rotation, but that
multiplying also ξ by Q will probably be helpful to have that g is a solution to
the free-transport equation, and that this second multiplication does not have
any impact on the boundary condition. The initial condition only depends
on the norm of x and ξ so it is not affected as well. Hence g satisfies:

g(0, x, ξ) = f in(|Qx|, |Qξ|) = f in(|x|, |ξ|)

24



At the boundary:

< g >+ (t, x) =

∫
ξ·n(x)>0

f(t, Qξ)ξ · n(x)dξ =< f >+ (t, Qx)

Finally we have, for g,

∂tg(t, x, ξ) + ξ · ∇xg(t, x, ξ) =∂tf(t, Qx,Qξ) + (ξ · ∇x)f(t, Qx,Qξ)

=
∂f

∂t
(t, Qx,Qξ) + ξ · (QT∇xf)(t, Qx,Qξ)

=
∂f

∂t
(t, Qx,Qξ) + (Qξ) · ∇xf(t, Qx,Qξ) = 0

since f is a solution to the problem (31). So g is also a solution to the
problem (31) and by uniqueness of the solution to the initial boundary value
problem, we have g ≡ f . This is true for all choice of Q ∈ O3(R). Hence we
have < f >+ (t, x) =< g >+ (t, x) =< f >+ (t, Qx) for all t > 0, x ∈ S2.
Thus ν ≡< f >+ is indeed independent of x when x varies along S2.

The main result of the paper [1] is the following theorem:

Theorem 7. Assume that 0 ≤ f in(x, ξ) ≤ CM(ξ) almost everywhere for
(x, ξ) ∈ B1(0)× R3. The solution of the problem (31) is such that:∫ ∫

B1(0)×R3

∣∣∣f(t, x, ξ)

M(ξ)
− 1

ω

∫ ∫
B1(0)×R3

f in(|y|, |v|)dydv
∣∣∣pM(ξ)dxdξ = O(

1

t3
)+O(

1

tp
)

for all 1 ≤ p <∞, where ω is the volume of the unit ball in R3.

This theorem achieves our primary goal: it finds a decay in Lp norm for
1 ≤ p < ∞ and this decay is in O( 1

tk
), with k = min(1, 3

p) (note that the
estimation in the theorem is given in terms of ‖.‖p

Lp(B1(0)×R3;Mdξdx)
).

The proof of this theorem relies mainly on the symmetry argument from
the previous lemma and on the derivation of a so-called renewal equation for
a well-chosen quantity.

Once a renewal equation is set, we want to treat it through the theorem
4 of Feller [9]:

Theorem 8 (Feller, 1941). Consider the renewal equation:

u(t) = g(t) +

∫ t

0
u(t− x)f(x)dx,

where f and g are two non-negative functions, and assume in addition that
f and g are measurable, bounded in [0, T ] for all T > 0. If∫ ∞

0
f(x)dx = 1

∫ ∞
0

g(t)dt = b <∞
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and if it exists n ≥ 2 such that:

mk =

∫ ∞
0

tkf(t)dt <∞, k = 1, 2, ..., n

and t → f(t), t → tf(t), ..., t → tn−2f(t) are of bounded total variation on
(0,∞). Assume also,

lim
t→∞

tn−2g(t) = 0, lim
t→∞

tn−2

∫ ∞
t

g(x)dx = 0.

Then we have:

lim
t→∞

u(t) =
b

m1
, lim

t→∞
tn−2

(
u(t)− b

m1

)
= 0.

Proof of Theorem 7. Let x ∈ S2, set α = ̂(n(x), ξ). As before we set the
backward exit time τx,ξ to be the first time at which, starting from x and
following the direction of its velocity ξ backward, we hit the boundary again:

τx,ξ := inf
t>0
{x− tξ 6∈ B1(0)} (33)

We can find an explicit formula for τx,ξ using the angle α and the law of
cosines. Indeed, if we consider the spherical coordinates in ξ, with n(x) the
polar direction and α the colatitude, we see from the figure 1 (with θ = α
and v = ξ) that:

2 cos(α)|τx,ξξ|r = |τx,ξξ|2

so that, because r = 1 (r being the radius of Ω) in our case:

τx,ξ =
2 cos(α)

|ξ|

We can then split the situation into two cases as in the proof of theorem
6 depending on the value of t and τx,ξ for x ∈ S2, ξ ∈ R3 so that ξ ·n(x) > 0.
This will allow us to write a renewal equation for ν based on the previous
discussion. Indeed, we have, because of the symmetry of ν proven in the
lemma:

f(t, x, ξ) = 1t>τx,ξ
ν(t− τx,ξ)
< M >+

M(ξ) + 1t<τx,ξf
in(|x− tξ|, |ξ|)

This leads to the following:

ν(t) =

∫
ξ·n(x)>0

f(t, x, ξ)ξ · n(x)dξ

=

∫
ξ·n(x)>0

f in(|x− tξ|, |ξ|)1t<τx,ξξ · n(x)dξ

+

∫
ξ·n(x)>0

ν(t− τx,ξ)
< M >+

M(ξ)1t>τx,ξξ · n(x)dξ

26



Figure 1: An example of exit time for the spherical domain. This is Figure
1 from [1], with θ = α and v = ξ.

We can treat both terms separately: let us first focus on the renewal
term. Using spherical coordinates in ξ and our explicit formula for τx,ξ:∫

ξ·n(x)>0
ν(t− τx,ξ)M(ξ)1t>τx,ξξ · n(x)dξ

= 2π

∫ ∞
0

∫ π/2

0
ν(t− 2 cosα

r
)1tr>2 cosαM(r)r cos(α)r2 sinαdαdr,

where r := |ξ| is the radius in spherical coordinates and we wrote M(r)
to refer to M(ξ) since a Maxwellian is a radial function (it is invariant by
rotation because the Jacobian of such transformation has an absolute value
of 1).

We need to compute this term a little further to obtain a renewal equation
that fits the classical frame established by Feller [9]. With a change of
variable y = cosα performed by using Fubini’s theorem, we obtain, since
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dy = sinαdα:∫ ∞
0

∫ 1

0
ν(t− 2y

r
)1tr>2yM(r)r3ydydr =

1

4

∫ ∞
0

∫ 2/r

0
ν(t− τ)1t>τM(r)r5τdτdr

=
1

4

∫ ∞
0

∫ min(t,2/r)

0
ν(t− τ)M(r)r5τdτdr

=
1

4

∫ ∞
0

∫ t

0
ν(t− τ)12/r>τM(r)r5τdτdr

=
1

4

∫ t

0
ν(t− τ)

(∫ 2/τ

0
M(r)r5dr

)
τdτ

where we used the change of variable τ = 2y/r to go from the first to the
second line (so that y becomes τr/2 and dy = rdτ/2). The third line is
obtained simply by gathering the upper bound for τ , the fourth line is just
a different way of writing this bound that allows us to get a bound for r
in term of τ and to use Fubini’s theorem to integrate first in r. If we now
define:

K(τ) :=
πτ

2 < M >+

∫ 2/τ

0
M(r)r5dr

We have that K is continuous on R∗+, non-negative for all τ ≥ 0 and we
can compute the limits of K. We first have K(τ) → 0 as τ → 0+. Indeed,
the integral tends to

∫∞
0 M(r)r5dr and a Maxwellian distribution admits

moments of all order so this quantity is finite and we have our limit.
Hence ν satisfies a renewal equation of the form:

ν(t) =

∫ t

0
K(τ)ν(t− τ)dτ + S(t)

with the source term from our previous equation:

S(t) :=

∫
ξ·n(x)>0

f in(|x− tξ|, |ξ|)1t<τx,ξξ · n(x)dξ

To handle the renewal equation, we want to use theorem 8. Note that,
if we define:

Ψ(|ξ|) = ess sup
x∈Ω

f in(|x|, |ξ|)

which is a function in L∞(R+) by hypothesis on f in. We have:

S(t) ≤
∫
ξ·n(x)>0

Ψ(|ξ|)1t<τx,ξξ · n(x)dξ

= 2π

∫ ∞
0

Ψ(r)r3
(∫ π/2

0
1tr<2 cosα cosα sinαdα

)
dr
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where the first inequality is simply due to the definitions of S and Ψ and the
second one is obtained by the use of spherical coordinates, with the same
notations as before. Then, by the same change of variable:

S(t) ≤2π

∫ ∞
0

Ψ(r)r3
(∫ 1

0
1tr<2yydy

)
dr

=π

∫ ∞
0

Ψ(r)r3(1− 1

4
t2r2)+dr

≤π‖Ψ‖L∞
∫ 2/t

0
r3dr = 4π

‖Ψ‖L∞
t4

where the last equality is just obtained by computing the integral and the
last inequality by straightforward bound on Ψ and (1− 1

4 t
2r2)+. With this

computation and the properties of K already proven, we can apply theorem
8 with n = 3, since we have:∫ ∞

0
tkK(t)dt <∞, k = 0, 1, 2, 3.

and

S(t) =o(
1

t
)∫ ∞

t
S(τ)dτ ≤4π‖Ψ‖∞

∫ ∞
t

1

τ4
dτ = 4π‖Ψ‖∞

1

3t3
= o(

1

t
),

as t→∞.
By the theorem we have the existence of ν∞ such that:

ν(t) →
t→∞

ν∞ =

∫∞
0 S(u)du∫∞

0 uK(u)du
, with ν(t)− ν∞ = o(

1

t
) as t→∞

Finally let us set g := f/M , with f the unique solution to (31). Since f
satisfies the free-transport equation, we have, for all (t, x, ξ) ∈ R+×Ω×R3:

∂t(f/M) + ξ · ∇x(f/M) =
1

M
∂tf +

1

M
ξ · ∇xf = 0

At the boundary we have:

g(t, x, ξ) =
√

2πν(t) ξ · n(x) < 0, x ∈ S2

because < M >+=
√

2π and f satisfies a boundary condition in (31).
Overall, we find that g is solution to the problem:

∂tg + ξ · ∇xg = 0 (t, x, ξ) ∈ R+ × Ω× R3

g(t, x, ξ) =
√

2πν(t), ξ · n(x) < 0, x ∈ S1

g|t=0 = f in(|x|, |ξ|)/M(ξ) (x, ξ) ∈ Ω× R+

(34)
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By the same reasoning as before, we get:

g(t, x, ξ) =
√

2πν(t− τx,ξ)1t>τx,ξ +
f in(|x|, |ξ|)
M(ξ)

1t<τx,ξ

. Using once again the limit ν∞ of ν, we write:

g(t, x, ξ)−
√

2πν∞ = I + II

with

I :=
√

2π(ν(t− τx,ξ)− ν∞)1t>τx,ξ

II := (
f in(|x|, |ξ|)
M(ξ)

−
√

2πν∞)1t<τx,ξ

From the explicit formula for τx,ξ, we know τx,ξ ≤ 2/|ξ|, so going to spherical
coordinates and writing the exponential as power series:∫

R3

1t<τx,ξM(ξ)dξ ≤
∫
|ξ|≤2/t

exp
−|ξ|2

2

(2π)3/2
dξ

=

∫ 2/t

0

∫ π

0

∫ 2π

0

exp
−r2

2

(2π)3/2
r2 sin θdθdφdr ∼ C

t3

with C > 0 a constant depending only on the volume of the unit ball in R3.
As a result, we have, for 1 ≤ p <∞:∫
R3

|II|pM(ξ)dξ ≤
∫
R3

(f in(|x|, |ξ|)
M(ξ)1−1/p

−
√

2πν∞M(ξ)1/p
)p

1t<τx,ξdξ = O(1/t3).

We finally need to control the same quantity for I. We have:∫
R3

|I|pM(ξ)dξ ≤
∫
R3

C1t>τx,ξ
M(ξ)

(t− τx,ξ + 1)p
dξ

≤
∫
|ξ|≥ε

C
M(ξ)

((t− 2
|ξ|)+ + 1)p

dξ +

∫
|ξ|<ε

C
M(ξ)

((t− 2
|ξ|)+ + 1)p

dξ

=J +K

where the second bound is simply obtained by using the indicator function
and by cutting the space of velocities in two parts depending on ε. The
second term can easily be treated by bounding the denominator by 1:

K ≤ C
∫
|ξ|<ε

M(ξ)dξ ≤ C ′ε3

For the first term, we can use the bound given by the domain of integration:

J ≤ C

((t− 2
ε )+ + 1)p

∫
|ξ|≥ε

M(ξ)dξ ≤ C
′

(1 + t/2)p
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the last equation being obtained with the assumption that ε ≥ 4
t . Taking

the exact value ε = 4/t, we have:

J +K ≤ C
′′

t3
+
C
′′

tp

All in all, we have obtained:∫ ∫
B1(0)×R3

∣∣∣f(t, x, ξ)

M(ξ)
− 1

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ
∣∣∣pM(ξ)dξ

≤ J +K ≤ O(
1

t3
) +O(

1

tp
)

since √
2πν∞ =

1

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ

which is a direct consequence of the conservation of mass for the solution
of a problem of the form 31 (physically it is obvious that there is no mass
transfer in this problem, as no particle escapes from the vessel).

Corollary 3. For all 1 ≤ p <∞,∥∥∥f(t, ·, ·)
M

− 1

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ
∥∥∥
Lp(B1(0)×R3;Mdξdx)

= O
( 1

tmin(1,3/p)

)
(35)

Proof. This proof is a simpler way to finish the demonstration of the main
theorem in [1]. Set a = f(t,·,·)

M , b = 1
ω

∫ ∫
B1(0)×R3 f

in(|x|, |ξ|)dxdξ and write
Lp to designate Lp(B1(0)× R3;Mdξdx). We have, from theorem 7,

‖a− b‖pLp = O(
1

t3
) +O(

1

tp
) = O(

1

tmin(3,p)
)

Taking the power 1
p of the previous equation finishes the proof.

2.4 A lower bound for the decay rate

The previous theorem gives an upper bound for the rate of convergence
towards equilibrium under the assumption 0 ≤ f in(x, ξ) ≤ CM(ξ) a.e., with
(x, ξ) ∈ B1(0) × R3. We can also derive a lower bound for this decay rate
in the particular case where p=1 on the left-hand side. The following is a
corollary of the Proposition 3.3 of [1]:

Proposition 6. Assume it exists a decay rate E(.), depending on t, such
that the following holds:∥∥∥f(t+ ·, ·, ·)− Mθw

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ
∥∥∥
L1([0,T ]×B1(0)×R3)

≤ E(t)‖f in‖Lp(B1(0)×R3)
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for f a solution to the problem (31) and 1 < p ≤ ∞, then E satisfies:

E(t) ≥ C

tN min(1,2/p′ )

with p′ = p
p−1

Proof. Let us consider the initial data:

f in(x, ξ) =
1

ε6
1εB(x)1εB(ξ),

with ε > 0 small. The idea behind this initial data is really intuitive: since
the only mechanism driving the convergence towards equilibrium is the col-
lisions of molecules against the boundary with a diffuse reflection, we try
to create a pathological initial data by centering both the positions and the
velocities of these data at 0. We can make this heuristic rigorous in the weak
topology of measures:

Let g be a continuous function of x and ξ, we have:∫ ∫
f in(x, ξ)g(x, ξ)dxdξ =

∫ ∫
1

ε6
1εB(x)1εB(ξ)g(x, ξ)dxdξ

=

∫ ∫
1εB(εx)1εB(εξ)g(εx, εξ)dxdξ

−→
ε→0

g(0, 0)

∫ ∫
1B(x)1B(ξ)dxdξ = g(0, 0)|B|2

so that f in → δ(0,0)|B|2 in the weak topology of measures (|B| = ω is the
volume of the unit ball in R3). The second equality has simply been obtained
by change of variable, and we then use εx ∈ εB ⇐⇒ x ∈ B and the bounded
convergence theorem (g is continuous so bounded in εB × εB). We have:

‖f in‖Lp(B1(0)×R3) =
|B|2/p

ε6/p
′ ,

with p′ = p
p−1 <∞. Set, for all (x, ξ) ∈ B1(0)×R3, τx,ξ := inf{t ≥ 0, x−tξ 6∈

B1(0)} as before. Let us set the problem defined by the same initial data
and evolution equation, but with an absorbing boundary condition:

∂tf + ξ · ∇xf = 0 (t, x, ξ) ∈ R+ × Ω× R3

f(t, x, ξ) = 0, ξ · n(x) < 0, x ∈ S1

f |t=0 = f in(|x|, |ξ|) (x, ξ) ∈ Ω× R3

(36)

We have that our solution f to (31) is such that f ≥ k, where k is the solution
to the above problem which can be derive explicitly using the method of
characteristics.

k(t, x, ξ) = f in(x− tξ, ξ)10≤t≤τx,ξ
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This formula is obtained very simply: if t > τx,ξ, it means that between t
and 0, the particle in position x at time t with velocity ξ has previously hit
the boundary: because of the absorbing boundary condition, the value of k
for this point of the phase space is 0. Otherwise, the value of k is constant
along the characteristic. Also, note (straightforward computation that can
also be seen as a consequence of our previous calculus for g ≡ 1):∫ ∫

f in(x, ξ)dxdξ = |B|2

We now have∥∥∥f(t+ ., ., .)− Mθw

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ
∥∥∥
L1([0,T ]×B1(0)×R3)

=
∥∥∥f(t+ ., ., .)− |B|

2

ω
Mθw

∥∥∥
L1([0,T ]×B1(0)×R3)

≥
∫ T

0

∫
B1(0)

∫
R3

(
f(t+ s, x, ξ)− |B|Mθw(ξ)

)+
dξdxds

≥
∫ T

0

∫
B1(0)

∫
R3

(
k(t+ s, x, ξ)− |B|Mθw(ξ)

)+
dξdxds := ζ

where the last inequality comes from the fact that y → max(0, y) is non-
decreasing. For A ⊂ R3, u ∈ R3, denote A + u := {y + u, y ∈ A}. We get,
using the explicit formulation of k:

ζ =

∫ T

0

∫
B1(0)

∫
R3

( 1

ε6
1εB+(t+s)ξ(x)1εB(ξ)10≤t+s≤τx,ξ − |B|Mθw

)+
dξdxds

Note that τx,ξ|ξ| ≥ 1 − ε ∀x ∈ εB. Indeed, starting from x ∈ εB and
following −ξ up to the boundary, one traces a segment joining x and its last
collision at the boundary. The length of this segment is τx,ξ|ξ|, and to join
the boundary the segment has to be at least equal to the distance between
εB and the boundary of B1(0), which is 1− ε.

On the other hand, we have that (t+ s) ≤ τx,ξ in the indicator function.
We can use it to rewrite our product of indicator functions. Fix ξ in εB.
Assume that we can choose s so that (t+ s)|ξ| > 1

2 − ε. Then we can choose
x in εB so that |x + (t + s)ξ| > 1/2 which contradicts (t + s) ≤ τx,ξ. We
obtain:

ζ ≥
∫ T

0

∫
B1(0)

∫
R3

( 1

ε6
1εB+(t+s)ξ(x)1εB(ξ)10≤(t+s)|ξ|≤ 1

2
−ε−|B|Mθw

)+
dξdxds

33



Let us focus on the integrand. We have:( 1

ε6
1εB+(t+s)ξ(x)1εB(ξ)10≤(t+s)|ξ|≤ 1

2
−ε − |B|Mθw

)+

=
1

ε6
1εB+(t+s)ξ(x)1εB(ξ)10≤(t+s)|ξ|≤ 1

2
−ε

(
1− ε6|B|Mθw(ξ)

)+

≥ 1

ε6
1εB+(t+s)ξ(x)1εB(ξ)10≤(t+s)|ξ|≤ 1

2
−ε

(
1− ε6|B|

(2πθw)3/2

)+
,

the last term coming from the use of the lower bound 1 for the exponential
part of the Maxwellian. The term between parentheses does not depend
on x, ξ and s anymore so that we can come back to the integral and focus
only on the indicator functions. We will then perform, by Fubini’s theorem,
a change of variable: y = x − (t + s)ξ so that the first indicator function
becomes 1εB+(t+s)ξ(y + (t + s)ξ) = 1εB(y) and we can integrate over y to
obtain ε3|B|.∫ T

0

∫
B1(0)

∫
R3

1

ε6
1εB+(t+s)ξ(x)1εB(ξ)10≤(t+s)|ξ|≤ 1

2
−εdξdxds

=|B|
∫ T

0

∫
B1(0)

1

ε3
1εB(ξ)10≤(t+s)|ξ|≤ 1

2
−εdξds

=|B|
∫ T

0

∫
B1(0)

1

ε3
10≤|ξ|≤min(ε,( 1

2
−ε)/(t+s))dξds := ζ

′

Using Fubini’s theorem again to integrate first over the velocity, we can write:

ζ
′

=|B|
∫ T

0

1

ε3
min(ε3,

(0.5− ε)3

(t+ s)3
ds

≥|B|T
ε3

min(ε3,
(.5− ε)3

(t+ T )3

Therefore, we have proven that:∥∥∥f(t+ ., ., .)− Mθw

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ
∥∥∥
L1([0,T ]×B1(0)×R3)

≥ T |B|
(

1− ε6|B|
(2πθw)3/2

)+(
min

(
1,

(.5− ε)
ε(t+ T )

))3

. [Note, as a consequence, that if E1 is an analogous decay rate as the one
define in the statement but for the L1 norm, we have:

T |B|
(

1− ε6|B|
(2πθw)3/2

)+(
min

(
1,

(0.5− ε)
ε(t+ T )

))3
≤ |B|2E1(t), (37)

a fact that we will use the next corollary.]
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Our proposition is stated for a slightly more general case, in which we look
for a decay rate uniform as f in runs through the bounded sets of Lp(B1(0)×
R3), with p > 1. In this case, we have:

‖f in‖Lp(B1(0)×R3) =(

∫
B1(0)

∫
R3

1

ε6p
1εB(x)1εB(ξ)dxdξ)1/p

=
1

ε6

(
ε6
∫
B1(0)

∫
R3

1B(x)1B(ξ)dxdξ
)1/p

=
|B|2/p

ε6−6/p
=
|B|2/p

ε6p
′

where p′ = p
p−1 <∞. Our previous inequality for the decay still holds with

the obvious change in the upper bound, with E being this time the decay rate
associated with the uniform convergence as f in runs through Lp(B1(0)×R3):

T |B|
(

1− ε6|B|
(2πθw)3/2

)+(
min

(
1,

(.5− ε)
ε(t+ T )

))3
≤ |B|

2/p

ε6/p
′ E(t). (38)

We now split the end of the proof in two cases, depending of the value of p.
If p ≥ 2, p′ ≤ 2, so 6/p

′ ≥ 3 and the convergence in 1/ε is smaller on the left-
hand side than on the right-hand side, so we will not use a limit argument.
Instead, choose 0 < ε < min(1

4 , (
(2πθw)3/2

2|B| )
1
6 ). The second argument in the

min is chosen so that the factor defined by the function z → z+ can be
bounded by 1/2. The first argument is tailored to simplify the form of the
mean appearing in the inequality. We have:

T |B|
(

min
(

1,
1

4ε(t+ T )

))3
≤ |B|

2/p

ε6/p
′ E(t)

so that
E(t) ≥ C

tN
as t� 1

To finish the proof, we just need to treat the case where 1 < p < 2. We
pick ε0 positive and small enough to obtain, from the inequality (38) (in
particular we can choose ε0 small enough to bound the factor defined by the
function z → z+ by a constant) :

C
(

min
(

1,
1

εt

))3
≤ |B|

2/p

ε6/p
′ E(t)

for all t > 0, ε ∈ (0, ε0). For t � 1, choose ε = 1
t (in particular, t >

max(T, 1/ε0) and we get, since the min above is now just worth 1:

E(t) ≥ C
′

t6/p
′ as t→ +∞ (39)

which ends the proof.
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Remark 3. Note that the proof does not rely on the symmetry of the domain
assumed in the problem (31). In particular, the proposition given by Aoki and
Golse in [1] is slightly more general, as it is valid in Ω a general bounded
domain, and with an initial data which is not necessarily a radial function
of both the space and the velocity variables. Also, we can take a dimension
for the velocity space different from 3 and the result is still valid. On the
contrary, the result of the theorem 7 is only valid in dimension superior or
equal to 3, since the use of Feller’s theorem requires decay of the renewal
kernel that is not obtained in lower dimensions.

We can also, from (37), deduce the following result, which corresponds
to the Proposition 1 of [1]:

Corollary 4. There does not exist any decay rate function E : R+ → R+ so
that E(t)→ 0 as t→∞, and:∥∥∥f(t+ ·, ·, ·)− Mθw

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ
∥∥∥
L1([0,T ]×B1(0)×R3)

≤ E(t)‖f in‖L1(B1(0)×R3)

(40)

for each t ≥ 0.

Proof. Going back to (37), we note that the only condition needed to estab-
lish this result was to have 0 < ε < 1

2 . Letting ε→ 0, we obtain

T ≤ |B|E(t)

for all t ≥ 0, so that we can not have E(t)→ 0 as t→∞.

This corollary emphasizes the fact that the basic L1 norm is not well
adapted for this problem. Indeed, it does not forbid the possibility of a
concentration of the initial date f in around a point of velocity 0. As soon as
one consider the norm Lp with p > 1, this problem is avoided because the
factor ε in the initial data also appears in the bound, for instance in (38).
There is another possibility given by Aoki and Golse in [1] to forbid such
concentration, which is to consider, instead of the L1 norm in the inequality
(40), the entropy. One then studies:∥∥∥f(t+ ., ., .)− Mθw

ω

∫ ∫
B1(0)×R3

f in(|x|, |ξ|)dxdξ
∥∥∥
L1([0,T ]×B1(0)×R3)

≤ E(t)

∫ ∫
B1(0)×R3

f in(x, ξ)| ln f in(x, ξ)|dxdξ

for which we can show

E(t) ≥ C

ln t
as t→ +∞
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The proof is really close to the one of proposition 6, one just need to compute
the value of: ∫ ∫

B1(0)×R3

f in(x, ξ)| ln f in(x, ξ)|dxdξ

and replace the right-hand side of 37 with the new value. Finally, we choose
ε = 1/t (roughly, the details are the introduction of an ε0 in a manner close
to the second case at the end of the proof of 6) to conclude.

At this point we have both an upper and a lower bound for the decay
rate, at least for some values of p. The comparison is realized by taking
p = ∞ in the proposition 6 and p = 1 in the theorem 7. In this case, we
have:

C

t3
≤ E(t) ≤ C

′

t
as t→ +∞ (41)

One might then wonder if one of these bounds is sharp. This can be investi-
gate numerically, as done by Tsuji, Aoki and Golse [15], and it appears that
the lower bound is sharp. Let us now present these results.

2.5 Numerical investigation

We want to compare the previous bound with the numerical results obtained
in [15] for the dimension 3. The context used in this article is very similar
to the one detailed above and used so far in this section. One of the main
difference is the extension of the context to dimensions lower than 3, which
require a dimensionless analysis of the problem. Hence, the region where
the gas evolves is a spherical vessel of dimension d, which corresponds to
the assumption that the distribution function f∗(x, ζ, t) does not depend on
the last 3 − d space variables. In dimension 1, this means that the spatial
domain is between two parallel planes normal to the x1 axis and the density
function is independent of (x2, x3). In dimension 2, the spatial domain is a
cylinder in the x3 direction. In dimension 3 the spatial domain is a ball, as
in the previous analysis. The domain in which the gas evolves can then be
described as D = {xi, Sd(xi) < 0}, with xi identified as (x1, ..., xi), i = 1, 2, 3,
and the adapted form of the function Sd:

S1(x1) = x2
1 −

1

4
, S2(x1, x2) = x2

1 + x2
2 −

1

4

S3(x1, x2, x3) = x2
1 + x2

2 + x2
3 −

1

4

In this context, we can give an explicit form for n(x): ni(xi) = − ∇Sd|∇Sd| for
all i ∈ {1, ..., d}, d ∈ {1, ..., 3}.
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If Mw∗ is the reference Maxwellian:

Mw∗ =
ρ0∗

(2πRTw∗)
3
2

exp−
ζ2

2RTw∗

with ρ0∗ the reference density, R a constant depending on the Boltzmann
constant and of the mass of a molecule and cw∗ the reference velocity: cw∗ =
(2RTw∗)

1
2 , we can consider the dimensionless counterparts of our quantities:

f=
f∗c

3
w∗

ρ0∗
, Mw =

Mw∗c
3
w∗

ρ0∗

and ξ is the dimensionless counterpart of the velocity ζ. In what follows x
and t are considered as the dimensionless counterpart of the space and time
variables. We have a new description of the boundary condition in terms of
its relation to the dimensionless wall Maxwellian Mw(ξi) = π−3/2 exp(−ξ2

i ):

fw(xi, ξi, t) =ρw(xi, t)Mw(ξi)

ρw(xi, t) =− 2π1/2

∫
ξini<0

ξinif(xi, ξi, t)dξ
(42)

In [15] and what follows, the case where there exists a concentration of
mass at ξi = 0 is excluded right away from the possible choice of initial data.
It is quite remarkable that the previous analysis performed in this section
was able to handle the case of an initial data which converges to a function
with such concentration in the weak topology of measures.

When t becomes large we already now that f approaches the final equi-
librium Mw (except at ξ = 0) so that, by (42), ρw converges to 1. An issue
in the numerical investigation of the rate of convergence is to quantify the
distance to equilibrium of the solution to the problem, i.e. to find a value
that can serve as a criteria to stop the simulation when the solution to the
problem is “ close enough” to the equilibrium. For that purpose we will de-
fine the dimensionless relative entropy, a quantity that can be computed in
the cases we are interested in:

W (f |Mw) =

∫
f ln(

f

Mw
)dξ

, where, here and it what follows, the integral along ξ designates the integral
in the whole ξ space (not only in ξi, which is different from ξ in dimensions 1
and 2) regardless of the value of i. One can think of the case of the dimension
3 where ξi and ξ coincide to interpret the integral over ξ in what follows. We
will use the following quantity:

〈W 〉 =

∫
D
Wdx
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to be the measure of the “spread” between f and Mw. This approach chosen
in [15] is a classical way of investigating the decay towards equilibrium, since
〈W 〉 is non-increasing and constant if and only if f = Mw.

To run the numerical investigation, one needs to compute some explicit
values. This is done in [15] in a manner close to our proof of theorem 6, by
writing an explicit formula which is obtained by following the characteristics,
up to the maximum between the initial time and the time where the particle
last hit the boundary. For all (x, t), Tsuji et al. derive two sets: Ω0 the set
of velocities for which following the characteristics leads to a point at the
initial time (i.e. the particle has not hit the boundary between 0 and t), and
Ωw, which is the set of velocities so that the particle has hit the boundary
between 0 and t. For all ξ, they also derive a value s(x, ξ, t), which is the
first time the particle hit the boundary in the past. If s(x, ξ, t) < 0, ξ ∈ Ω0,
otherwise, ξ ∈ Ωw. Tsuji et al. obtain an explicit characterization of Ω0,Ωw

and an explicit formula for s in all dimensions. We have:

f(xi, ξi, t) =fw(xi − ξi(t− s), ξi, s)1ξi∈Ωw + f0(xi − ξit, ξi)1ξi∈Ω0

=ρw(xi − ξi(t− s), s)Mw(ξi)1ξi∈Ωw + f0(xi − ξit, ξi)1ξi∈Ω0

Combining this with (42), we get an integral equation for ρw:

ρw(xi, t) =2
√
π
(
−
∫
ξjnj<0,ξi∈Ω0(xi,t)

ξjnjf0(xi − ξit, ξi)dξ

−
∫
ξjnj<0,ξi∈Ωw(xi,t)

ξjnjMw(ξi)ρw(xi − ξi(t− s), s)dξ
) (43)

for all xi such that Sd(xi) = 0.
To run the simulation, Tsuji et al. chose a particular form of the initial

condition, which corresponds to the stationary Maxwellian distribution with
a temperature T0∗ different from the one expected at equilibrium Tw∗. In
dimensionless form this gives, with T0 = T0∗/Tw∗:

f0(ξi) = T
−3/2
0 Mw(ξi/T

1/2
0 )

Note that this initial condition is uniform in the position x. It is also isotropic
since the vessel is spherically symmetric. These two features reduce slightly
the complexity of ρw, as this now only depends on time. We can generalize a
little and go back to the case previously described, where the initial condition
is just assume to be radial in both the space and the velocity variables. Our
equation (43) becomes, for d in {1, 2, 3}:

ρw(t) = Md(t) +

∫ t

0
kd(t− s)ρw(s)ds. (44)
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with explicit values for each of the Md and kd. Let us give here the value in
the case d = 1:

M1(t) =
√
T0

(
1− exp(− 1

T0t2

)
k1(t) =

2

t3
exp(− 1

t2
)

and we omit the precise values for d = 2, 3.
Equation (44) is almost the one on which the simulations are based.

In fact, Tsuji et al. modify slightly the integral equation by considering
U(t) = ρw(t)− 1 instead of ρw(t) directly. This gives:

U(t) = Md(t)−Md(t)|T0=1 +

∫ t

0
kd(t− s)U(s)ds (45)

To see this, we just need to prove, for d ∈ {1, ..., 3}:

Md(t)|T0=1 −
∫ t

0
kd(t− s)ds = 0

In dimension 1, we have:

M1(t)|T0=1 −
∫ t

0
k1(t− s)ds =1− exp(− 1

t2
)−

∫ t

0

2

(t− s)3
exp
− 1

(t−s)2 ds

=1− exp(− 1

t2
) +

∫ t

0

2

s3
exp−

1
s2 ds

=1− exp(− 1

t2
) +

[
exp−

1
s2

]t
0

= 0

and we can derive the same kind of equality for the dimensions 2 and 3.
The formulation (45) is particularly interesting since we have reduced

the study of a problem of 2 and 3 dimensions to a one-dimensional equation.
This also shows all the power of this dimensionless framework. In particular
the simulation is considerably simplified by the use of this technique.

2.5.1 Numerical method

To analyze numerically (45), we choose a time-step ∆t, and set (tn)n≥0 to
be a sequence of time, with tn = n∆t, n ≥ 0. Set then Un = U(tn). We can
also approximate the integral by the quantity:

In =

n∑
i=1

AiUi

The sequence (Ai)i≥0 depends on the quadrature for the numerical integra-
tion. In this setting, the approximation of (45) is given by:

Un =
(
Md(tn)−Md(tn)|T0=1 +

n∑
i=0

AiUi

)
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Hence:

Un =
(
Md(tn)−Md(tn)|T0=1 +

n−1∑
i=0

AiUi

)
(1−An)−1

Un can be seen as an approximation of U at time t = tn.

Remark 4. Observe that equation (45) is again a renewal equation as treated
in theorem 8. As in the previous case and because of the form of the kernel
kd, we can see that the boundedness of the first-order moment is not satisfied
for k1, so that the theorem can not be applied. Another result obtained by Yu
in [20] can however be applied and exhibits the following estimates:

|ρw(t)− 1| = O(
1

t1/10
) as t→∞.

On the other hand the condition to apply the theorem are satisfied in dimen-
sions 2 and 3, so that we have:

|ρw(t)− 1| = o(
1

td−2
) as t→∞

One of the most interesting numerical result about this problem of con-
vergence towards equilibrium can be observed when looking at the behaviour
of the marginal of the distribution. Let us define this quantity and the as-
sociated equilibrium function for the mono-dimensional case:

f̃(x1, ξ1, t) :=

∫
R

∫
R
fdξ2dξ3,

M̃w(ξ1) :=

∫
R

∫
R
Mw(ξ1, ξ2, ξ3)dξ2dξ3 =

1

,

√
π exp−ξ

2
1

For T0 = 2 in this one-dimensional case, Tsuji et al. plot the time-evolution
of f̃(x1, ξ1, t) defined above. The explicit formulation is given by Feller in
[10] and is as follows:

f̃(x1, ξ1, t) =


1√
πT0

exp
− ξ

2
1
T0 , if ξ1 ∈ (x1−1/2

t , x1+1/2
t ),

1√
π
ρw(t− x1−1/2

ξ1
expξ

2
1 , if ξ1 <

x1−1/2
t ,

1√
π
ρw(t− x1+1/2

ξ1
expξ

2
1 , if ξ1 >

x1+1/2
t ,

(46)

Figure 2 which is the figure 4 of [15] really emphasizes the key role
played by slow particles in our study. Indeed, from (46), one can exhibit
two groups of molecules: those whose velocity is smaller than |1/2t| and the
other molecules. The first group (slow molecules) is composed by particles
which come directly from their initial position, without having previously
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Figure 2: Evolution of f̃(x1, ξ1, t) in the one-dimensional case with time, for
an initial temperature T0 = 2. The time variable varies between 0.01 (case
(a)) and 100.00 (case (b)). The dashed line indicates M̃w, the expected limit
of f̃(x1, ξ1, t), and the results are computed at the point x1 = 0 (upper
figures) and x1 = 0.4 (lower figures). Figure from [15].

hit the boundary. As a consequence, it is a group of molecules that has not
been thermalized (note that we have assumed the temperature at the wall
to be 1, and the initial temperature in the simulation to be 2). The subtle
part happens because of this thermalization. Since the reflection cools down
molecules, it means that the distribution produced by the boundary is more
concentrated around 0 (the reflection produces more slow molecules) and
has smaller tails (the reflection produces less fast molecules) than the initial
distribution. This explains the reduction of the tails that one can see on
figure 2, from (a) to (c) for instance. Of course the size of the two groups
evolves in time, and in particular the marginal density at x1 = 0. As time
evolves, molecules that have been reflected can reach the point x1 = 0, and
the concentration around 0 of this new molecules is higher than the pre-
vious one. However, this effect is balanced by the fact that, if a molecule
has been reflected with a very slow speed, it will not reach x1 = 0 before
a very long time. This explains the discontinuity that one can observe on
2(d) for instance: the molecules up to the discontinuity have a velocity af-
ter reflection big enough (in absolute value) to have reach x1 = 0 between
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t = 0 and t = 1.00. The new distribution is more concentrated around 0,
so the density is bigger than at t = 0 for instance. On the other hand, the
distribution function between −1/2 and 1/2 (which corresponds to 1/2t for
t = 1.0 is not affected by this new group of molecules, since no molecule
can have hit the boundary, been reflected with a speed so slow and reach
x1 = 0 between t = 0 and t = 1.0. Finally as time increases, more and
more molecules have been reflected, and the discontinuity is observed in a
very little interval around 0. As the number of reflections increases, the dis-
tribution function becomes closer and closer to the Maxwellian distribution
expected since all but a very small number of molecules observed by the
density f̃(x1, ., t) have been reflected and thus generated by the Maxwellian
at the wall. One can see on 2 than the dissymetry generated by the choice
of x1 = 0.4 produces exactly the effect expected from the previous analysis:
this time, the discontinuity happens much earlier since the slow molecules
reflected at the wall reach the point x1 = 0.4 much earlier than before. Note
that the discontinuity happens on the side of negative distribution: indeed
the right wall is in position x1 = 1/2, so the point x1 = 0.4 is closer to the
right wall and is reached more quickly by slow molecules reflecting on the
right wall (i.e., molecules that started with a positive velocity). The other
features of the evolution are very similar to the discussion above.

In our study of convergence, the main point to keep in mind from this
discussion is the fact that as time goes, the interval (−1/2t, 1/2t) is reduced,
but the initial data still has an impact. Indeed, a local deviation of f̃ still
exists, no matter how big t is. This long-memory effect is a feature inherited
from the very early stages of the evolution, and is the main phenomena
slowing down the convergence to equilibrium of the quantities based on the
average velocity.

2.5.2 Numerical result for the convergence towards equilibrium

Once we have build intuition on the behaviour of the distribution function
through the study of the marginal in the one-dimensional case, we want to
investigate the convergence of ρw itself. In this section, unless otherwise
mentioned, log designates the logarithm with base 10. Let us define for any
function h of time:

α(h) =
d log(|h(t)− h∞)

d log t

This quantity is designed to represent the evolution of the slope of the curves
when one draws the evolution of log(|h(t) − h∞|) versus log t. One can see
the result of the simulation applied to h(t) = ρw(t) on figure 3.

The results are very clear: after the time t1 = 316 = log−1(2.5), the
function α(ρw) is very close to a constant equal to the dimension for the
three cases d = 1, d = 2 and d = 3. It seems, with a quite high probability,
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Figure 3: Long-time behaviour (in logarithmic scale) for the dimensions 1, 2
and 3 and T0 = 2. The left figure presents the results for log |ρw−1| vs log t,
the right figure the results for α(ρw) vs log t. Figure from [15].

that we have the following result:

|ρw − 1| = Cdw
td
, Cdw > 0, for d ∈ {1, 2, 3}. (47)

Tsuji, Aoki and Golse also exhibits numerical values for different values of
T0: from T0 = 0.5, which is a case where the temperature increases at the
boundary up to T0 = 2. In all cases, they provide numerical evidences that
the rate of convergence is the one given above.

Other results given in [15] support the previous results. One can for
instance focus on two other types of global quantities. The first ones are
the L1 norm of the difference between the marginals and the associated
equilibrium distributions. In dimension 1:

‖∆f‖1(|x1|, t) =

∫
R
|f̃ − M̃w|dξ1

For higher dimensions we introduce different systems of coordinates. For
d = 2 we use cylindrical coordinates: f = f(r, ξr, |ξθ|, |ξ3|, t), where (r, θ, x3)
are the cylindrical coordinates of the system and ξr, ξθ are the r and θ com-
ponents of ξ.

‖∆f‖2(r, t) =

∫
R

∫
R
|f̃ − M̃w|dξrdξθ

and we can do the same to define ‖∆f‖3 by using spherical coordinates
(r, θ, φ). Finally we can average these norms on the vessel:

¯‖∆f‖d(t) = 2dd

∫ 1/2

0
‖∆f‖(d)dµ(d), d ∈ {1, 2, 3}

with dµ(1) = dx1, dµ
(2) = rdr and dµ3 = r2dr. When one looks at the

slope at time t large enough (typically t = 104 for dimension 1, t = 103 for
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dimensions 2 and 3), we observe once again that at various T0, −α( ¯‖∆f‖d)
is very close to the value of d. The convergence even seems quicker than for
the previous quantity, this feature being stable in d.

The same results is observed if one focus on the quantityW . We consider
the quantity:

W̄ =
〈W 〉
vol(D)

with 〈W 〉 defined as before and D the volume of the vessel, adapted to the
dimension, in the dimensionless x space. The error between −α(W̄ ) and d is
a little bit higher than in the previous cases, but the evidences are still strong
that |W̄ | is of order 1/td. Ultimately we find, in the figure 4 the results:

|W̄ | ≈ C
′

td
¯‖∆f‖d ≈ C

′′

td
C
′
, C
′′
> 0

Figure 4: Values of α(W̄ ) and −α( ¯‖∆f‖d) for the three dimensions and
different values of T0. The values are taken at the point t = 10000 for d = 1,
t = 103 for d ∈ {1, 2}. This is table 2 of [15].

Tsuji et al. [15] also study the evolution of several macroscopic quantities:
the density, the flow velocity, the temperature, the relative entropy W and
the L1 norm ‖∆f‖(d). They exhibit similar rates of convergence, of order 1

tm

for m varying between 1 and 5, depending on both the dimension and the
quantity considered.

2.5.3 A first case of a non-symmetric initial condition

The results from the first paper investigated, [1], are restricted to the case
where the initial value is radial (symmetric in both time and velocity spaces).
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The simulation of the evolution of the global quantities and of the distribu-
tion function allows one to conduct further test. In particular, the case of a
non-symmetric initial condition is tested in [15]. The computation is harder
and therefore the choice made by the authors is to reduce the size of the steps
∆t = 0.001, and to focus on the one-dimensional case. A quartic approxima-
tion (which corresponds to an approximation of order 4) is used, while the
previous computation was achieve through a simple linear approximation.
The choice of initial condition made is the following:

f in(x1, ξ) =
ρin(x1)

(πT in(x1))3/2
exp(−(ξ1 − uin1 (x1))2 + ξ2

2 + ξ2
3

T in(x1)
)

which corresponds to a Maxwellian in the special case of a flow velocity
(uin1 (x1)cw∗ , 0, 0), density ρin(x1)ρ0∗ and temperature T0(x1)Tw∗. We have
explicit formulations for these quantities, and the renewal equation (44) be-
comes a system of two renewal equations, for ρw±. The results obtained are
close to the previous ones, with mainly a decay of order 1

t1
for |W̄ |, ¯‖∆f‖(1).

Let us conclude this section by a result which seems to confirm the quan-
titative insight obtained about the impact of slow particles for the conver-
gence. Aoki and Golse [1] study the process of convergence in a monokinetic
case (where all particles have the same speed when they are emitted inside
a closed vessel). They prove an exponential decay for this situation which
does not imply the presence of low-velocity particles. This supports the idea
previously developed that the convergence is constraint by the presence of
low-speed particles.
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3 General estimate in a non-symmetric case

3.1 Context

The first case of non-symmetrical initial condition examined at the end of
section 2 exhibits a behavior close to the one of the symmetrical case in
terms of rate of decay towards the equilibrium. However, the distribution
function was still a Maxwellian, and the observation was done only in the
one-dimensional case. Kuo, Liu and Tsai [13], aims to investigate a more
general case. The main point is an extension of the stochastic formulation
to the problem due to Yu in [20]. Let us call B1(0) the region in which
the gas evolves. The context is exactly the same as in the second part of
section 2, except for the initial condition, which is now satisfying a condition
in terms of a specific L∞ weighted norm defined as follows:

‖f‖L∞,µx,ξ
= ‖f‖∞,µ = ess sup

x∈B1(0),ξ∈R3

(1 + |ξ|)µf(x, ξ)

where we will only consider µ > 4. For the stochastic formulation of the
problem, it is useful to define the boundary flux j as follows:

j∗(x, t) =

∫
ξd·n<0

−ξd · nf(t, x, ξ)dξ,

where, for all d in {1, 2, 3}, we define the boundary flux for the problem in
d-dimensions by setting ξ = (ξd, ξ̄d). The transport equation and the bound-
ary condition associated with the diffuse reflection both conserve molecular
number, so that the total molecular number:∫

f∗(t, x, ξ)dxdξ

is independent from t, where f∗ is the density for our problem, and that we
can define the average density:

γ∗ =
1

B1(0)

∫
B1(0)×R3

f∗(t, x, ξ)dxdξ

where one can replace f∗(t, x, ξ) by f in∗ (x, ξ) without loss of generality by
the previous remark, so that γ∗ is known as soon as f in∗ is. In this section,
we will take the following (equivalent) form for the Maxwellian:

Mθ(ξ) =
e−
|ξ|2
2Rθ

(2πRθ)
3
2

where R is the Boltzmann constant. We already know the equilibrium dis-
tribution is given by γ∗Mθw with the previous notation for the Maxwellian,
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where θw is again the temperature at the boundary. As in the previous sec-
tion we will therefore focus on the quantity f − γ∗Mθw , and for our study it
is useful to reformulate the problem for each dimension by integrating the
difference between the distribution function and the equilibrium distribution
along the extra velocities: for d in {1, 2, 3} we define:

f(t, x, ξ) =

∫
R3−d

(f∗(t, x, ξ)− γ∗Mθw(ξ))dξ̄d

And the same transformation can be applied to f in using f in∗ . The new
boundary flux j is obtained by:

j = j∗ − j̄

where j̄ =
∫
ξd·n<0−ξ

d · nγ∗Mθw(ξ)dξ. One of the first consequence of this
reduction is that the new average density is 0, so that we can write a new
problem, very close to the first one but with an extra condition:

∂tf +
d∑
i=1

ξ1∂xif = 0, (t, x, ξ) ∈ R+ ×B1(0)× Rd

f(0, x, ξ) = f in(x, ξ), (x, ξ) ∈ B1(0)× Rd

f(t, x, ξ) = (
2π

θw
)1/2j(x, t)Mθw(ξ), x ∈ ∂B1(0), ξ · n > 0∫

B1(0)×Rd
f(t, x, ξ)dxdξ = 0, t ≥ 0

(48)

where we have adapted the notation for the Maxwellian to make sense of
Mθw(ζ) for ζ ∈ Rd: for all θ,

Mθ(ζ) =

∫
R3−d

Mθ(ξ)dζ̄, ξ = (ζ, ζ̄), ζ ∈ Rd, ζ̄ ∈ R3−d

If one ignores the last condition, theorem 6 can be applied to prove
existence and uniqueness to the solution of this problem with the method
of characteristics. Let us do so for now. Here we assume again that the
temperature at the wall is constant equal to θw and write M for Mθw . We
can therefore describe the solution for f in terms of the initial condition f in

and the boundary flux j:

f(t, x, ξ) = j(x−τx,ξξ, t−τx,ξ)(4π)1/2M(ξ)1τx,ξ<t+f
in(x−ξt, ξ)1τx,ξ>t (49)

so that we can focus on the decay of j as t grows to study the decay of f .
Let us define the following:

Definition 2. The a priori norm of j is defined by:

N(t) = sup
0≤s≤t

{
(s+ 1)d(ess supx∈B1(0) |j(s, x)|) d ∈ {2, 3}
(s+ 1)(|j+(s)|+ |j−(s)|) d = 1

(50)

where j±(t) = j(±1, t).
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3.2 Stochastic formulation

We will first focus on the (more difficult compared to the general situation)
cases of the dimensions 2 and 3. We study here the motion of a single
particle of initial position and velocity (xin, ξin). We introduce a new pdf
(probability density function) j(t, y, xin, ξin), so that j(t, y, xin, ξin)dS(y)dt
is the probability that the particle bounces at the boundary within the region
dS(y) and between time t and t+ dt. This will play the role of the incident
flux function in the stochastic framework, hence the choice of notation. We
can now set the events:

Ai(y, t) = {The particle collides at (y, t) as its i-th collision},
for i ∈ N, y ∈ ∂D, t ∈ R+.

Note that the numbering starts at 0 so that it actually corresponds to the
number of collisions before the current one. We now have:

{ The particle collides at (y, t) } = ∪∞i=0Ai(y, t)

and this union is disjoint. Set j(0), ..., j(n), ... to be the corresponding pdf of
the events Ai, i ∈ N. We have:

j(t, y, xin, ξin) =

∞∑
i=1

j(i)(t, y, x
in, ξin) (51)

The first result obtained in [13] is a general formula for the j(i). First,
for j(0):

Proposition 7. If we denote by x0 = x0(xin, ξin) the first location where
the particle collides with the boundary deduced from the initial position and
velocity of the particle, we have:

j(0)(t, y, x
in, ξin) = δd−1(y − y0)δ(t− |y − x

in|
|ξin|

)

Proof. Straightforward: starting from (xin, ξin) we obtain y0. We have y0 =

xin + sξin where s is the time of the first collision, s = |y0−xin|
|ξin| , so the only

atom of the density j(0)(., ., x
in, ξin) is the point (y0, s).

The next result gives a general formula for j(i). The formula as well as
the proof is a little bit more complicated:

Proposition 8. Assume we start from x and trace back the collisions of the
particle in x at time t since t = 0. Denote y(l)

B the l-th collisions before the
current one, in reversed temporal order, and nl the corresponding unit normal
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at y(l)
B . Denote also αl the incident angle at yl−1

B and assume cosαl ≥ 0 for
all l. Then:

j(i)(t, y, x
in, ξin) =

∫
δd−1(y

(i)
B − y0)× δ(t− s− s1 − ...− si)

×
i∏
l=1

(
G(αl, sl)dsldαl

)
for d = 2

(52)

j(i)(t, y, x
in, ξin) =

∫
δd−1(y

(i)
B )− y0)× δ(t− s− s1 − ...− si)

×
i∏
l=1

(
G(αl, sl)dsldΩl

)
for d = 3

where el is the normalized velocity right before the (i + 1 − l)th bounce,
dΩ(el) is the solid angle element and

G(α, s) =
1

π(d−1)/2
(
2 cosα

s
)d+2 exp−( 2 cosα

s
)2

Proof. We start by defining the density ρ(i) for the particle reflecting off the
boundary. In this context, ρ(i)(t, y, x

in, ξin)du(y) is the probability that the
particle, just reflected off the boundary at its i-th bounce, appears at time
t in a volume du(y) near y. We now use the fact that the probability is
conserved through the collision:

j(i)(t, y, x
in, ξin)dS(y)dt =

∫
ξ·n>0

(
(ρ(i)(t, y, x

in, ξin)(ξdt · n)dS(y)
)

×2Mθ(y)(ξ)dξ, (53)

where the factor 2 is a normalization constant so that (note y ∈ ∂Ω and
since the temperature at the wall is constant Mθ(y) = M) :∫

ξ·n>0
2M(ξ)dξ = 1

and 2M(ξ)dξ is the probability that the particle has a velocity in the region
of the velocity space dξ after its reflection. The formula above is then just
an equality between the probability to reflect between t and t + dt in the
region dS(y) and the probability to appear in dS(y) after the reflection at
time between t and t + dt along all possible velocities. Since ρ(i) does not
depend on ξ, we get :

ρ(i) = j(i)

∫
ξ·n>0

ξ · n2Mθ(x)(ξ)dξ =
(4π)1/2

2
j(i)
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Back to our particle, consider j(i)(t, y, xin, ξin). Call ξ1 the velocity right
before the ith bounce, called the incident velocity, and set e1 = ξ1

|ξ1| . Set
y1
B = y1

B(x, e1) the point where the particle makes the ith bounce. Because
of our numbering, we have i bounces before the point y1

B (from 0 to i− 1).
If n0 is the unit normal vector at y, equation (53) gives:

j(i)(t, y, x
in, ξin)

=

∫
ξ1·n>0,

|y−y1
B
|

|ξ1|
<t

(−ξ1 · n0)ρ(i−1)(y
1
B, t−

|y − y1
B|

|ξ1|
, xin, ξin)2M(ξ1)dξ1

= (4π)1/2

∫
ξ1·n>0,

|y−y1
B
|

|ξ1|
<t

(−ξ1 · n0)j(i−1)(t−
|y − y1

B|
|ξ1|

, y1
B, x

in, ξin)

× 2M(ξ1)dξ1

Note that the condition on t for the domain of integration is just a con-
sequence of the fact that the event j(i), i > 0 corresponds to more than one
bouncing at the boundary before the particle reached (y, t). We then have,
after replacing j(i−1) by its expression using j(i−2):

j(i)(t, y, x
in, ξin) =

∫
B2

(−ξ1 · n0)j(i−2)(t−
|y − y1

B|
|ξ1|

−
|y1
B − y2

B|
|ξ2|

, y2
B, x

in, ξin)

(−ξ2 · n1)× 2M(ξ1)2M(ξ2)dξ2dξ1

where B2 = {ξ1 · n < 0, ξ2 · n1 < 0,
|y−y(1)|

B
|ξ1| +

|y(1)
B −y

(2)
B |

|ξ2| < t}. To prove the

proposition, we just need to perform an induction, define sj =
|yjB−y

j−1
B |

|ξj | and

change the coordinate system from ξj to (sj , ej) with ej = ξ
|ξj | and nj the

unit normal vector at y(j)
B . The incident angle αl is given by:

cosαl =
nl−1 · ξl
|ξl|

,

and the fact that our domain is spherical gives |yjB−y
j−1
B | = 2 cosαl (the case

is similar to the one presented in figure 1), with the additional hypothesis 1.
By induction and proposition 7, we obtain the formula (52).

Hypothesis 1 For the above proof and in what follows, we assume that
αl ≥ 0.

The case d = 1 is simpler because there is only two directions on the line.
With the same kind of argument, and setting:

H(s) = (
2

s
)3 exp−( 2

s
)2
1s∈(0,∞)
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, we obtain:

j±(i)(t) =

∫
δ
(
t− 1± (−1)ixin

|ξin|
− s1 − ...− si

)
1±(−1)iξin>0

( l∏
j=1

H(sl)dsl

)
(54)

3.3 Law of large numbers

Let us introduce a new formulation of the problem in the form of a for-
ward stochastic process. We denote this time xB(x, ξ) = x + sξ with s >
0 such that x(1)

B ∈ ∂B1(0), so that starting again from (xin, ξin),

x
(1)
B (xin, ξin) = xin + s0ξ

in.

This is still deterministic, but we will introduce a first random variable,
V1(xin, ξin) which is the velocity of the particle after its collision in x1

B. The
definition of xB allows us to write x(2)

B = xB(x
(1)
B , V1). By following the

particle, we obtain a sequence of random velocities (Vl)l≥1, such that:

P(V1 ∈ ξ1 + dξ1, · · · , Vk ∈ ξk + dξk) =

k∏
i=1

ξi · n(x
(i)
B )M(ξi)1ξi·n(xiB)>0dξi

We then introduce wl = Vl
|Vl| to be the reflected direction and Sl the time lapse

between collisions. We can also define αl in the same way as before, with the
new notations: cosαl = wl ·n(x

(l)
B ), and αl > 0. Now Sl = |x(l+1)

B −xlB|/|Vl| =
2 cosαl/|Vl|. Computing the joint density of the Sl and wl from the equation
above and the value of Sl leads to an equation which can be integrated to
find:

P (S1 ∈ [s1, s1 + ds1], ...Sk ∈ [sk, sk + dsk]) =

∫ k∏
i=1

G(αi, si)1cos(αi)>0dαidsi

=

k∏
i=1

H(si)dsi

in dimension 2, and the same equation with dΩ(wi) instead of dαi leading
to the same equality with a product of H evaluated at the si in the case of
dimension 3. From this equality we immediately deduce that the (Si)i are
i.i.d random variables. The conclusion is that the pdf of Si is H for all i,
and remains valid in dimension 1. We can now state our theorem, which
motivated all the previous discussion about the stochastic approach to the
problem:
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Theorem 9 ( Law of large numbers). Let d ∈ {1, 2, 3}. It exists C > 0 such
that, for any γ so that γ

n
1
d+1

> C,

∫
γ<|s−nE[S1]|

Hn(s)ds = P(γ < |S1 + · · ·+Sn−nE[S1]|) = O(1)
nd log(γ + 2)

(γ + 1)d+1

where
Hn(s) = (H ∗H ∗ · · · ∗H)(s)

and the sign ∗ appears n times.

Proof. The first equality comes from the fact that Hn(s)dλ is the density of
the sum (S1 + ...+ Sn), where λ is the Lebesgue measure on Rd. Indeed,

P(s < S1 + · · ·+ Sn < s+ ds) = Hn(s)ds.

since the sum of i.i.d. random variables has a density equal to the convolution
of the densities. Now, using Tchebychev’s inequality:

P(γ < |S1 + · · ·+ Sn − nE[S1]|) ≤ 1

γu
E[|S1 + · · ·+ Sn − nE[S1]|u] (55)

It is clear from the explicit formula of H(s) = (2
s )3 exp( 2

s
)2

that the moment
d + 1 of H does not exist (s2H(s) is not integrable). We can compute the
moment of (S1 + · · · + Sn − nE[S1]) using the fact that the (Si)i are i.i.d.,
the triangle inequality and a development of the expression. We find,

E
[
(S1 + · · ·+ Sn − nE[S1])2

]
=nE

[
(S1 − E[S1])2

]
, u = 2 (56)

E
[
|S1 + · · ·+ Sn − nE[S1]|3

]
= n(n− 1)E

[
|S1 − E[S1]|

]
E
[
(S1 − E[S1])2

]
+nE

[
|S1 − E[S1]|3

]
, u = 3

(57)

E
[
|S1 + · · ·+ Sn − nE[S1]|4

]
= nE

[
|S1 − E[S1]|4

]
+ 3n(n− 1)E

[
(S1 − E[S1])2

]2
u = 4

(58)

Let us define Yl to be the truncated random variable: Yl = Sl1Sl<γ . We
have:

P(γ < Sl) =

∫ ∞
γ

H(s)ds =

∫ ∞
γ

(
2

s
)3 exp−( 2

s
)2
ds, and :

53



(γ + 1)d+1

∫ ∞
γ

H(s)ds =(γ + 1)d+1

∫ 1
γ

0
8s exp−4s2 ds

=(γ + 1)d+1[exp−4s2 ]
1
γ

0 = (γ + 1)d+1(exp
− 4
γ2 −1) = O(1)

From there we deduce, using that Yl = Sl on the event Sl < γ:

P(γ < |S1 + · · ·+ Sn − nE[S1]|)
= P(γ < |S1 + · · ·+ Sn − nE[S1]|, S1 < γ) + P(γ < |S1 + · · ·+ Sn − nE[S1]|, S1 > γ)

≤ P(γ < |Y1 + · · ·+ Sn − nE[S1]|) + P(S1 > γ)

≤ P(γ < |Y1 + · · ·+ Yn − nE[S1]|) +
n∑
i=1

P(Si > γ)

≤ P(γ − n|E[S1]− E[Y1]| < |Y1 + · · ·+ Yn − nE[Y1]|) + n
O(1)

(γ + 1)d+1

(59)

where the last lign is obtained simply by triangle inequality. Now, it is easy
to show that |E[S1] − E[Y1]| = O( 1

(γ+1)d
). So, it exists C > 0 such that

γ − n|E[S1] − E[Y1]| > γ/2 for γ > Cn
1
d+1 . Because of its definition by

truncation, Y1 has moments of any order. We can now use (56, 57 and 58)
and the existence of C to control the first term in the last equation (59):

P(
γ

2
< |Y1 + · · ·+ Yn − nE[Y1]|) = O(1)

nd

(γ + 1)d+1
βd (60)

where βd is a constant depending on d and equal to a combination of moments
of Z = |Y1 − E[Y1]|:

β1 = E[Z2], β2 = E[Z3] + E[Z]× E[Z2]

β3 = E[Z4] + E[Z2]2

The proof is ended by noticing that E[(Y1)u] = O(1) for u in {1, · · · , d} and
that:

E[(Y1)d+1] = O(ln(γ + 2))

which, once injected in (60), gives the result.

3.4 Main theorem

For the sake of simplicity we will focus on the case d = 3 from now on.
Remember µ > 4 by assumption. We define first:

Definition 3. Define I as:

I(t) = sup
0<s<t

‖j‖L∞x (s) ∀t > 0
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We will start by proving a first estimate about the L∞x norm of the j(i):

Proposition 9. Assume t� n, f in∗ in L∞,µ. Then:

‖j(i)(x, t)‖L∞x = O(1)
id log(t+ 2)

(t+ 1)d+1
‖f in∗ ‖∞,µ, i ∈ {0, ..., n− 1} (61)

and ∫
t
2
<s1+...+sn<t

j(y
(n)
B , t− s1 − ...− sn)

n∏
k=1

G(αk, sk)dskdΩ(ek)

= O(1)
nd log(t+ 2)

(t+ 1)d+1
I(t) (62)

Proof. We have formulated our stochastic process in a way that implies a
definite velocity and position for the particle at time t = 0. Hence we have
that the distribution function of one particle can be written as:

f̂ in(x, ξ) = δ3(x− xin)δ3(ξ − ξin)

so that this can be seen as a Green function to the aggregated problem: f in

is just a composition of particles, which initial configuration leads to some
j(i)(x, t, x

in, ξin). The transport equation, as well as the diffuse boundary
condition, is linear and homogeneous, so that we can use the principle of
linear superposition: the total incident flux j(i)(y, t) is just the sum of all
the individual incident flux f in(x, ξ)j(i)(x, t, x

in, ξin). Therefore, we have:

j(i)(y, t) =

∫
B1(0)×R3

j(i)(y, t, x
in, ξin)f in(xin, ξin)dxindξin

and j(y, t) is just the sum of the j(i)(y, t) by equation (51). Moreover, by
proposition 8, we obtain:

j(i)(y, t) =

∫
Ci

(−ξin · ni)f in(yB(i)− ξin(t− s1 − ...− si), ξin)

×
i∏

k=1

G(αk, sk)dskdΩ(ek)dξ
in

where Ci = {y(i)
B − ξin(t − s1 − ... − si) ∈ B1(0), s1 + ... + si > t}. This

formula has been obtained by integrating the result of proposition 8 over xin

and ξin: the Dirac delta in t is integrated in the domain of integration and
the equation above gives this result. Now,

j(i)(y, t) =(

∫
E1

+

∫
E2

)(−ξ · ni)f in(y
(i)
B − ξ(t− s1 − ...− si))

×
i∏

k=1

G(αk, sk)dskdΩ(ek)dξ

=F1 + F2
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with:

E1 = {0 < s1 + ...+ si <
t

2
, y

(i)
B − ξ

in(t− s1 − ...− si) ∈ B1(0)}

E2 = { t
2
< s1 + ...+ si < t, y

(i)
B − ξ

in(t− s1 − ...− si) ∈ B1(0)}

Note that y(i)
B ∈ S2 so that for all i, its distance to an interior point is at

most 2. In E1, we have |ξ| < 4
t . Otherwise since t− s1 − ...− si > t

2 in E1,
we have |ξ(t− s1 − ...si)| > 4t/2t = 2 so that we have y(i)

B − ξ(t− s1 − ...si)
out of B1(0). Hence, since µ > 4, using spherical coordinates, one can show:

F1 =O(1)‖f in∗ ‖∞,µ
∫
|ξ|< 4

t

|ξ|dξ
(1 + |ξ|)µ

∫ i∏
k=1

G(αk, sk)dskdΩ(ek)

=O(1)
‖f in∗ ‖∞,µ
(t+ 1)4

On the other hand:

F2 ≤ ‖f in∗ ‖∞,µ
∫
t
2
<s1+...+si

i∏
k=1

G(αk, sk)dskdΩ(ek)

≤ O(1)‖f in∗ ‖∞,µ
i3 log(t+ 2)

(t+ 1)4

where we have used that G ∈ L∞ and more precisely, because the integral
over the surface element can be bounded by a constant (the surface of the
sphere is just a constant in t):∫ i∏

k=1

G(αk, sk)dskdΩ(ek) ≤ C‖G‖i∞
ti

i!

and the theorem 9 to estimate the integral in dskdΩ(ek) appearing in the
bound for F2. Indeed, by choosing γ = t

3 , we have { t2 < s} ⊂ {γ <
|s− nE[S1]|} using that t� n. The first equation is thus proved.

We now prove (62):∫
t
2
<s1+...+sn<t

j(y
(n)
B , t− s1 − ...− sn)

n∏
k=1

G(αk, sk)dskdΩ(ek)

= O(1)

∫
t
2
<s1+...+sn<t

I(t)

n∏
k=1

G(αk, sk)dskdΩ(ek)

by definition of I(t) and we can use the law of large numbers, theorem 9, to
conclude.
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This result is important because, from equation (51), we have:

j(y, t) =
∞∑
i=0

j(i)(y, t) =
n−1∑
i=0

j(i)(y, t) +
∞∑
i=n

j(i)(y, t)

The second term gathers the terms for which the particle has bounced at
least n times before hitting y at the boundary at time t, so that we can
trace back n times from y without reaching the time t = 0. At the point
(ynB, t − s1 − ... − sn), the incident flux is simply j evaluated at that point.
Hence we obtain:
∞∑
i=n

j(i)(y, t) =

∫
s1+...+sn<t

j(y
(n)
B , t− s1 − ...− sn)

n∏
k=1

G(αk, sk)dskdΩ(ek)

so that:

j(y, t) =

n−1∑
i=0

j(i)(y, t) +

∫
s1+...+sn<t

j(y
(n)
B , t− s1 − ...− sn)

×
n∏
k=1

G(αk, sk)dskdΩ(ek)

which is the correct writing of the equation (33) in [13] (there is a little
mistake in the original paper). Equation (62) gives a control on j in the
domain of integration: { t2 < s1 + ...+ sn < t}. Nevertheless, it does not give
a way to control on the domain: {0 < s1 + ... + sn <

t
2}. Let us define the

remaining part:

Λn(y, t) =

∫
0<s1+...+sn<

t
2

j(y
(n)
B , t− s1 − ...− sn)

×
n∏
k=1

G(αk, sk)dskdΩ(ek)

It turns out that it is enough to control this remaining part only in terms of
fluctuations, both spatial and temporal. This control is obtain in [13], but
requires further developments. We will only give the idea of the different
steps:

• First, we can prove that Λn is C1 with respect to time, and compute
a control of |∂tΛn(y, t)| which will depend on Hn, the sup of j in
the y space between t

2 and t and an integral depending on G and
its derivatives. This step requires careful computation but no further
properties directly related to the problem.

57



• Then, we can exhibit a control on the integral depending on G and its
derivatives mentioned above. In particular, we can show this integral
is in O((n log n)

1
2 ). This step is a little bit tricky: it requires Cauchy-

Schwarz which can not be applied directly, so that we have to cut the
domain into two parts to avoid the part where the square of the content
of the integral is not integrable. This is done by dividing the domain
between the space W where there exist an i between 1 and n so that
cosαi <

1
n2 , and its complementary. On W , we can show the integral

is O(1), and we can apply Cauchy-Schwartz on W c which gives the
term in O((n log n)

1
2 ).

• The two previous point lead to the control of the temporal fluctuation
of Λn. The next step is to focus on the spatial fluctuations. It is
important to note that the estimates for these rely heavily on the
symmetry of the spatial domain, so that we still have the constraint to
be in a spherically symmetric domain, as in the previous articles.

• The control of the spatial fluctuation is essentially obtained by using
cylindrical coordinates. This lead to a case close to the one of tem-
poral fluctuations, in the sense where we obtain a bound on the same
supremum on j as in the previous case, and a new integral depending
on G and some derivatives of G with respect to the cosines from the
cylindrical coordinates system.

• Once again, we show that the integral appearing in the control is in
O((n log n)

1
2 ). The proof is close to the previous one: we only need

to avoid one singularity by dividing the domain of integration into
the same two domains as before. Some computations are needed to
conclude again that the integral on the first domain is O(1), and the
second term is controlled by studying the cross term which vanishes.

This control on the fluctuations of Λn is useful because it ultimately
allows one to prove the following:

Theorem 10. Let t′ < t, y, y
′ ∈ S2 and t

′

n � 1. Then,

j(y, t)− j(y′ , t′) =O(1)
n4 log(t

′
+ 2)

(t′ + 1)4
(‖f in∗ ‖∞,µ + I(t))

+O(1)
(

sup
t
′
2
<s<t

(‖j‖L∞y )(s)
)

(
log n

n
)1/2(t− t′)

We will now split the domain B1(0)× R3 into four parts:

I ={|ξ| < |yB − x|
t

} I
′

= {|yB − x|
t

< |ξ| < |yB − x|
t/2

}

II ={|yB − x|
t/2

< |ξ| < |yB − x|
(log(t+ 1))/2

} III = { |yB − x|
(log(t+ 1))/2

< |ξ|}
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The last preliminary result we need to go through the proof is the fol-
lowing theorem, which gives estimates for quantities that appear naturally
in the problem:

Theorem 11. We have the following results:∫
I∪I′

(
j(y, t)M(ξ)− 1

(4π)1/2
f(t, x, ξ)

)
dxdξ = O(1)

‖f in∗ ‖∞,µ
(t+ 1)3

, (63)

∫
II

(
j(y, t)M(ξ)− 1

(4π)1/2
f(t, x, ξ)

)
dxdξ =

O(1)

log(t+ 2)
sup
t
2
<s<t

(‖j‖L∞y )(s),

(64)

∫
III

(
j(y, t)M(ξ)− 1

(4π)1/2
f(t, x, ξ)

)
dxdξ

≤ sup
t′∈(t− log(t+1)

2
,t),y,y′∈S2

|j(y, t)− j(y′ , t′)|, (65)

Proof. We first introduce the usual point yB obtained by tracing back x in
the direction of ξ and τ = τx,ξ the time at which yB is reached. We have
τ = |x−yB |

|ξ| , and when τ < t:

j(y, t)M(ξ)− 1

(4π)
1
2

f(t, x, ξ) =
(
j(y, t)− j(yB, t− τ)

)
M(ξ), (66)

a result that we obtain when using the method of characteristics (we just
trace back x up to the boundary, where the boundary condition gives the
equality between f and the incident flux j).

Let us start with the integration on I only. On this domain, |ξ| <
|yB−x|

t ≤ 2
t since both points are in B1(0). Hence, introducing τx,ξ and yB

as before:∣∣∣ ∫
I

(
j(y, t)M(ξ)− 1

(4π)
1
2

f(t, x, ξ)
)
dxdξ

∣∣∣
≤
∫
I
|j(y, t)M(ξ)|+ 1

(4π)
1
2

|j(yB, t− τx,ξ)|(4π)
1
2M(ξ)|1τx,ξ<t

+ |f in(x− ξt, ξ)|1t<τx,ξdxdξ

≤
∫
I
I(t)|M(ξ)|(1 + 1τx,ξ<t) +O(1)‖f in∗ ‖∞,µ

1

(1 + |ξ|)µ
dxdξ

≤ O(1)(I(t) + ‖f in∗ ‖∞,µ)

∫
|ξ|< 2

t

1

(1 + |ξ|)4

=
O(1)

(t+ 1)3
(I(t) + ‖f in∗ ‖∞,µ)
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The proof of I ′ is very similar, except that f is in this case equal to j by
(66), so that the term in ‖f in∗ ‖∞,µ does not appear. We will then use the
lemma 3 below to conclude, but to use this lemma we first need to prove the
estimates for the domains II and III. In II, we have again that τ < t, and
we can use again |yB − x| ≤ 2 to find an upper bound to the domain II, so
that: ∣∣∣ ∫

II

(
j(y, t)M(ξ)− 1

(4π)
1
2

f(t, x, ξ)
)
dxdξ

∣∣∣
≤
∫
II

(
|j(y, t)|+ |j(yB, t− τ)|

)
M(ξ)dxdξ

≤ 2 sup
t
2
<s<t

(‖j‖L∞y )(s)

∫
|ξ|< 4

log(t+1)

M(ξ)dxdξ

=
O(1)

log(t+ 2)
sup
t
2
<s<t

(‖j‖L∞y )(s)

The last inequality is straightforward once we have observed that on III,
τ < t and τ < (ln(t+ 1))/2 so that t− τ > t− (ln(t+ 1))/2, so we can use
the same first step as in the case of II and conclude directly.

Back to I and I ′ , we can now prove, with our previous estimates, that

I(t) = O(1)‖f in∗ ‖∞,µ ∀t ≥ 0

which is the content of lemma 3 below. From there and the estimates for I
and I ′ , the proof is achieved.

Let us prove the key lemma:

Lemma 3.

I(t) = O(1)‖f in∗ ‖∞,µ, ∀t ≥ 0 (67)

Proof. With j, f defined in the reduced problem, we have that f as the zero
total mass property, so that:∫

B1(0)×R3

f(t, x, ξ)dxdξ = 0, t = 0

From there, we have:

j(x, t) =j(x, t)− 1

|B1(0)|(4π)
1
2

∫
B1(0)×R3

f(t, y, ξ)dydξ (68)

=
1

|B1(0)|

∫
B1(0)×R3

(
j(x, t)M(ξ)− 1

(4π)
1
2

f(t, y, ξ)
)
dydξ (69)
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We want to use this formula along with the estimates from theorem 11. We
can only use, for I and I ′ , the estimates first showed in the proof: (67) and
the analogous formula for I ′ , where the term in ‖f in∗ ‖∞,µ does not appear,
and the estimates for II and III. With these results, we have:

j(y, t) =
O(1)

log(t+ 2)
(‖f in∗ ‖∞,µ + I(t))

+O(1) sup
t
′∈(t− log(t+1)

2
,t),y,y

′∈S2

|j(y, t)− j(y′ , t′)|

We will now use the control on the fluctuations given by theorem 10, so
that we have (using also that t′ < t in the supremum):

j(y, t) = O(1)‖f in∗ ‖∞,µ
( 1

log(t+ 2)
+
n4 log(t+ 2)

(t+ 1)4

)
+O(1)I(t)

( 1

log(t+ 2)
+
n4 log(t+ 2)

(t+ 1)4
+ (

log n

n
)

1
2 log(t+ 2)

)
We will now make a precise choice of n. The condition we need for our
previous estimates to hold is t � n. Taking r = 1

(5) , we set n = btrc. It is
straightforward to see that this choice leads to:

lim
t→∞

[ 1

log(t+ 2)
+
n4 log(t+ 2)

(t+ 1)4

]
= 0 lim

t→∞

[
(
log n

n
)

1
2 log(t+ 2)

]
= 0

where the second equality comes from the fact that our choice of n leads to
a quantity in the form of a log of t divided by a power of t. Hence, for t
large enough, say t > t0 for some t0 > 0, we have:

‖j‖L∞y (t) ≤ O(1)‖f in∗ ‖∞,µ +
1

2
I(t)

Also, by continuity, it exists C > 0 such that:

sup
0≤t≤t0

‖j‖L∞y (t) ≤ C‖f in∗ ‖∞,µ

These two inequalities provide the result.

We can finally prove the main theorem:

Theorem 12. Fix µ > 4. For all f in∗ ∈ L∞,µx,ξ , the boundary flux j(x, t)
exists globally and decays to 0 uniformly at the rate of 1

(t+1)3 . In fact, we
have:

N(t) = O(1)‖f in∗ ‖∞,µ, t ≥ 0 (70)

with N(·) defined by equation (50).
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Proof. Starting from equation (68), we rewrite the domain as the union of
our I, I ′ , II and III from theorem 11.

j(y, t) =
1

ω
(

∫
I∪I′

+

∫
II

+

∫
III

)(j(y, t)M(ξ)− 1

(4π)1/2
f(t, x, ξ))dxdξ

=V1 + V2 + V3

Each term can be controlled by using theorem 11, with the addition of the-
orem 10 for the integration over III (which requires t� n). In terms of N ,
it gives:

V1 =
O(1)

(t+ 1)3
‖f in∗ ‖∞,µ

V2 =
O(1)

log(t+ 2)
sup
t
2
<s<t

(‖j‖L∞y )(s) =
O(1)N(t)

log(t+ 2)(t+ 1)3

V3 ≤O(1) sup
t′∈(t− log(t+1)

2
,t),y,y′∈S2

|j(y, t)− j(y′ , t′)| so that:

V3 =O(1)n4 log(t+ 2)

(t+ 1)4
‖f in∗ ‖∞,µ +O(1)(

log n

n
)

1
2 log(t+ 2) sup

t
2
<s<t

(‖j‖L∞y )(s)

=O(1)n4 log(t+ 2)

(t+ 1)4
‖f in∗ ‖∞,µ +O(1)(

log n

n
)

1
2 log(t+ 2)

N(t)

(t+ 1)3

Combining the three terms, we obtain:

j(y, t) = O(1)‖f in∗ ‖∞,µ(
1

(t+ 1)3
+
n4 log(t+ 2)

(t+ 1)4
)

+O(1)
N(t)

(t+ 1)3
(log(t+ 2)−1 + (

log n

n
)

1
2 log(t+ 2))

With the same choice of r and n as in the proof of the lemma, we can once
again see that all terms go to 0 as t→∞, so that we can choose t1 > 0 such
that, when t > t1:

(‖j‖L∞y )(t) ≤ O(1)
‖f in∗ ‖∞,µ
(1 + t)3

+
1

2

N(t)

(t+ 1)3
(71)

The only thing remaining is to prove the result when 0 < t < t1. To do so,
we use the result from lemma 3, which indicates, for t < t1:

I(t1) = O(1)‖f in∗ ‖∞,µ = O(1)
‖f in∗ ‖∞,µ
(1 + t)3

(1 + t1)3 = O(1)
‖f in∗ ‖∞,µ
(1 + t)3

(71) is therefore valid for all t. Multiplying by (t+ 1)3 and passing the N(t)
term on the left hand side in (71), we finish the proof.
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It is useful at this point to make a couple of remarks:

Remark 5. The way we proved Theorem 11 can seem illegitimate because
we use the Lemma 3, which itself depends on the result of the theorem. The
reason the proof is valid is because it is done in two parts: in the first part
we compute all the estimates that we can without the lemma. The proof of
Lemma 3 only requires those estimates, so that we can use the result of the
lemma in a completely rigorous way.

Remark 6. The region I, I ′ , II and III can be interpreted physically. In
I, the particles reach the point x directly from the time t = 0, without any
collision at the boundary. Hence, this is the only region where we can not
use some τ for the expression of f , and the region from which the estimate
depending on f in∗ comes, a fact that one can link with the long-term effect
which was exhibited in the numerical results of section 2.

In the region I
′ and II the speed is relatively small but we still have

at least one collision at the boundary between time t = 0 and the current
point. In the region III, particles potentially move very fast. In particular
the number of collisions at the boundary is not bounded in this region, which
explains why we need the use of Theorem 10 which is precisely a result that
allows us to control the case where particles have a very large number of
collisions at the boundary (it is linked with the definition of Λn before).
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4 Comparison with the case where collisions cannot
be neglected

Overall, we have proven a decay of the distribution function of a Knudsen gas
towards equilibrium at a convergence rate of 1

(t+1)3 in the 3-dimensional case,
and with the assumption that the gas in enclosed in a spherically symmetric
domain, in the case where the initial distribution function satisfies some
moments condition. In the case where this distribution function is itself
symmetric in space and velocity, we have also proven a decay rate in Lp

norm, for 1 ≤ p < +∞ at the rate 1
tmin(1,3/p) .

One of the natural question that arises is the possible extension of such
results in the more general case of the Boltzmann equation, i.e. when col-
lisions between molecules can no longer be neglected. The extension is of
course non trivial at all: the Boltzmann operator can not be handle in a way
that allows an easy use of our previous results.

Guo [11] focuses on this issue.
Let us first give some context. We are now looking at the Boltzmann

equation, and the choice of intermolecular interactions is the following:

B(v − v∗, w) = |v − v∗|γq0(θ) cos θ =
(v − v∗) · w
|v − v∗|

We choose γ ∈ [0, 1], a case known as “hard potential” in the literature, and
the angular cutoff 0 ≤ q0(θ) ≤ C| cos θ| for some C > 0.

We take a slightly more general domain for this study: Ω = {x : hΩ(x) <
0} bounded domain, with hΩ a smooth function. Note that, by a corollary
from Urysohn lemma, our previous space domain (the unit ball in R3) fits in
this description. In this framework, and assuming ∇h(x) 6= 0 ∀x ∈ ∂Ω, we
can give an explicit formula for nx, where x ∈ ∂Ω, ∂Ω = {x : hΩ(x) = 0}:

nx =
∇hΩ(x)

|hΩ(x)|

In the particular case where hΩ is also analytic, we say that Ω is analytic
(real). Also, we say Ω is strictly convex if ∂ijhΩ(x)ζiζj ≥ chΩ

|ζ|2 for all
x ∈ Ω̄, ζ ∈ R3 and some chΩ

> 0. Finally, we say Ω has a rotational
symmetry if it exists x0 and ω̄ such that ∀x ∈ ∂Ω, [(x− x0)× ω̄] · n(x) = 0.
We will also use the set Γ−,Γ+ described at the beginning of section 2.

As before, we will use the backward exit time of a phase point space
(x, ξ), x ∈ Ω̄, ξ 6= 0:

tb(x, ξ) = sup{s ≥ 0, x− sξ ∈ Ω̄}

and the corresponding point at the boundary:

xb(x, ξ) = x− tb(x, ξ)ξ ∈ ∂Ω
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Finally, by definition of xb we have ξ · n(xb) ≤ 0.
Let us write the simplest form of the Maxwellian:

µ(ξ) = exp−
|ξ|2

2

We will now use a perturbation of the Boltzmann equation as detailed by
Guo [11]. Consider F = µ+

√
µf . Note by, our previous result from section

1, the Boltzmann equation evaluated with the function µ is 0 (and is in fact
0 on both sides of the form (8)). Let us focus on the right-hand side. We
have, by bilinearity:

Q(µ+
√
µf, µ+

√
µf) = 0 +Q(µ,

√
µf) +Q(

√
µf, µ) +Q(

√
µf,
√
µf)

For the left-hand side:

(∂t + ξ · ∇x)(µ+
√
µf) = 0 + ∂t(

√
µf) + ξ · ∇x(

√
µf) =

√
µ
(
∂tf + ξ · ∇xf

)
So that we finally obtain a new form for the Boltzmann equation:

(∂t + ξ · ∇x + L) = Γ(f, f) (72)

with

Lf =− 1
√
µ

(
Q(
√
µf, µ) +Q(µ,

√
µf)

)
= νf −Kf with (73)

ν(ξ) =

∫
|v − v∗|γµ(v∗)q0(θ)dv∗dθ (74)

ν can be interpreted as the collision frequency, and

Γ(f, g) =
1
√
µ
Q(
√
µf,
√
µg) = Γgain(f, g)− Γloss(f, g)

We also introduce the weighted L2 norm, where the weight is the collision
frequency ν, ‖.‖ν .

Let us rewrite the diffuse reflection in this context. We first have cµ
constant so that:

cµ

∫
ξ·n(x)>0

µ(ξ)|n(x) · ξ|dξ = 1

and the boundary condition writes, for (x, ξ) ∈ Γ−:

f(t, x, ξ)|Γ− = cµ
√
µ(ξ)

∫
ξ′ ·n(x)>0

√
µ(ξ′)n(x) · ξ′f(t, x, ξ

′
)dξ (75)

The last thing we will assume throughout is the mass conservation:∫
Ω×R3

f(t, x, ξ)
√
µ(ξ)dxdξ = 0 (76)
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4.1 L2 decay theory

The Boltzmann equation, 8, is quite complicated compared to our previ-
ous free-transport equation, and this is due to the presence of the collision
operator Q. It is quite common to use perturbation methods to simplify
the expression, and to obtain a particular form of the equation called the
linearized Boltzmann equation.

The idea of perturbation techniques is to choose a parameter ε and write
an a prior solution f as a series of powers of ε. In most cases the result
of such perturbation will not directly provide information on the solution,
as there is no convergence of this series, but can still give property of the
equation for small values of ε.

A little game with the expansion of f and the collision operator naturally
leads to the linearized collision operator L described by (73) and finally to
the linearized Boltzmann equation. One of the constraint implied by this
simplification is that the initial data must be a solution to the Boltzmann
equation, and the easiest choice is then a Maxwellian with constant coef-
ficients (density, velocity, temperature). A variant of the H-theorem still
applies for the linearized Boltzmann equation, so that we expect once again
some convergence of the solution towards a Maxwellian.

Let us start by defining the problem associated to the linearized Boltz-
mann equation, which is nothing but the left-hand side of equation (72),
without the boundary condition:{

∂tf + ξ · ∇xf + Lf = 0, (t, x, ξ) ∈ R+ × Ω× R3

f(0, x, ξ) = f in(x, ξ), (x, ξ) ∈ Ω× R3
(77)

We also define the projection P onto the hydrodynamic part which is a
way to decompose a solution of the above problem based on the variation
with the velocity:

Pf =
√
µ(ξ)

(
a(t, x) + b(t, x) · ξ + c(t, x)|ξ|2

)
Paf =

√
µ(ξ)a(t, x), Pbf = (b(t, x) · ξ)

√
µ(ξ) Pcf =

√
µ(ξ)c(t, x)|ξ|2

and a norm at the boundary:

‖h‖2Γ+
=

∫
Γ+

|h|2|nx · ξ|dSxdξ

with dSx the standard measure on ∂Ω and we define ‖.‖Γ = ‖.‖Γ+ + ‖.‖Γ−
the norm in L2(Γ). Finally we define a projection for a boundary function
h towards the vector

√
µ(ξ)cµ of norm 1:

PΓh(t, x, ξ) =
(∫

n(x)·ξ∗>0
h(t, x, ξ∗)

√
µ(ξ∗)n(x) · ξ∗dξ∗

)
cµ
√
µ(ξ)
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Let us first assume the following proposition and prove the main theorem
of this first part of the study with the result at hand:

Proposition 10. It exists M > 0 so that for any solution f the problem
(77),∫ 1

0
‖Pf(s)‖2νds ≤M

[ ∫ 1

0
‖(I − P )f(s)‖2νds+

∫ 1

0
‖f(s)‖2Γds

]
(78)

Moreover, it exists C > 0 such that if f is a solution to the linearized Boltz-
mann equation (77), and f satisfies both the boundary condition (75) and
the conservation of mass (76), we have:∫ 1

0
‖Pf(s)‖2νds ≤ C

[ ∫ 1

0
‖(I − P )f(s)‖2νds+

∫ 1

0
‖(I − Pγ)f(s)‖2Γ+

ds
]
(79)

We will use it to prove:

Theorem 13. Let f ∈ L2 be the unique solution to the linearized Boltzmann
equation (77), with trace f |Γ = fΓ ∈ L2

loc(R+;L2(Γ)). If f satisfies both the
mass conservation (76) and the diffuse reflection boundary condition (75), it
exists λ > 0 such that:

sup
0≤t≤+∞

(e2λt‖f(t)‖2) ≤ 2‖f(0)‖2

Remark 7. In the case of the diffuse reflection, the existence and unique-
ness of a solution to the linearized Boltzmann equation can be proved (see
Cercignani, [4] for a proof of uniqueness and a solution in the form of super-
positions of elementary solutions obtained through the study of the so-called
“spectral gap” problem associated with the equation). Moreover, one can show
that this unique solution is such that its trace is indeed in L2

loc(R+;L2(Γ)). It
is not the case (to the knowledge of the author) for other types of reflections,
such as the bounce-back and the specular reflection.

We will use the following notation: if x ∈ ∂Ω, g function of x and ξ:∫
Γ±

gdγ =

∫
Γ±

g(x, ξ)|nx · ξ|dS(x)dξ

Proof. of theorem 13, assuming proposition 10: Since f is a solution of (77),
we have:

(∂t + ξ · ∇x + L)(eλtf) = 0 + λeλtf (80)

Let N = btc and write [0, t] = [0, N ] ∪ [N, t]. On [N, t] (compact), we have,
by condition on fΓ :

∫ t
N ‖f(s)‖2Γds < +∞, and we can multiply (77) by f on

both sides and integrate in time between N and t to obtain:
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‖f(t)‖2 +

∫ t

N
(Lf, f)ds+

∫ t

N

∫
Γ+

f2(s)dγds = ‖f(N)‖2 +

∫ t

N

∫
Γ−

f2(s)dγds

(81)

On the interval [0, N ], we have again by condition on fΓ :
∫ N

0 ‖f(s‖2Γds <
+∞. This time we perform the energy estimate for (80) by multiplying by
eλtf and integrating in t between 0 and N . We obtain:

e2λN‖f(N)‖2 +

∫ N

0
e2λs(Lf, f)ds− λ

∫ N

0
e2λs‖f(s)‖2ds

= ‖f(0)‖2 +

∫ N

0

∫
Γ−

e2λsf2(s)dγds−
∫ N

0

∫
Γ+

e2λsf2(s)dγds

which we can write differently by noticing that [0, N) = ∪N−1
j=0 [k, k + 1)

(assuming N ≥ 1, note that the fact that the interval is open on the right is
not a problem since we can write [0, t] = [0, N) ∪ [N, t]), and by defining for
all j ∈ {0, ..., N−1}, fj(s, x, ξ) = f(s+j, x, ξ), so that the previous equation
becomes:

e2λN‖f(N)‖2 +

N−1∑
j=0

∫ 1

0

(
e2λ(j+s)(Lfj , fj)− λe2λ(s+j)‖fj(s)‖2

)
ds

= ‖f(0)‖2 +
N−1∑
j=0

(∫ 1

0

∫
Γ−

e2λ(s+j)f2
j (s)dγds−

∫ 1

0

∫
Γ+

e2λ(s+j)f2
j (s)dγds

)
(82)

with, for all j, fj solution to the equation (77). Multiplying the equation
(78) for each fk by some δ0e

2λk we get:

δ0e
2λk

∫ 1

0
‖Pfk(s)‖2νds ≤Mδ0e

2λk
(∫ 1

0
‖(I − P )fk(s)‖2νds+

∫ 1

0

∫
Γ
f2
k (s)dγds

)
, and

δ0

2

N−1∑
k=0

(
e2λk

∫ 1

0
‖(I − P )fk(s)‖2νds+ e2λk

∫ 1

0

∫
Γ
f2
k (s)dγds

)
≥ δ0

2M

N−1∑
k=0

e2λk

∫ 1

0
‖Pfk‖2νds.

(83)

To control the term in (Lfk, fk), we use that:

(Lfk, fk) ≥ δ0‖(I − P )fk(s)‖2ν =
δ0

2
‖(I − P )fk(s)‖2ν +

δ0

2
‖(I − P )fk(s)‖2ν
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Using that e2λk ≥ 1, and that ‖.‖ ≤ Cν‖.‖ν because ν(ξ) ∼ (1+ |ν|)γ , γ ∈
[0, 1], we apply (83) to the second term and put every quantity related to
the boundary on the right-hand side to write (82) as:

e2λN‖f(N)‖2 +
δ0

2M

N−1∑
k=0

∫ 1

0
e2λk‖Pfk(s)‖2νds

+
δ0

2

N−1∑
k=0

∫ 1

0
e2λk‖(I − P )fk(s)‖2νds− Cνλ

N−1∑
k=0

∫ 1

0
e2λk+s‖fk(s)‖2νds

≤ ‖f(0)‖2 +

N−1∑
j=0

(
(1 +

δ0

2
)

∫ 1

0

∫
Γ−

e2λ(s+j)f2
j (s)dγds− (1− δ0

2
)

∫ 1

0

∫
Γ+

e2λ(s+j)f2
j (s)dγds

)
(84)

The crucial point is now to note that, because of the boundary condition
(75):∫

Γ−

f2(s)dγ =

∫
ξ·n(x)<0

f2(s)|n(x) · ξ|dS(x)dξ

=

∫
ξ·n(x)<0

c2
µµ(ξ)|ξ · n(x)|

×
(∫

ξ′ ·n(x)>0
f(t, x, ξ

′
)
√
µ(ξ′)(n(x) · ξ′)dξ′

)2
dS(x)dξ

=

∫
ξ·n(x)<0

|ξ · n(x)|
(
PΓf(t, x, ξ)

)2
dS(x)dξ

=

∫
ξ·n(x)>0

(
PΓf(t, x, ξ)

)2
dγ, so that

∫
Γ−

f2(s)dγ =

∫
Γ+

(
PΓf(t, x, ξ)

)2
dγ (85)

where the last line is obtained by a simple change of variable ξ → −ξ and
the fact that the function integrated is even (mainly because the Maxwellian
µ is even). Hence, using Fubini’s theorem to integrate first along Γ±:∫ 1

0

(∫
Γ−

e2λ(k+s)f2(s)dγds−
∫

Γ+

e2λ(k+s)f2(s)dγds
)

= −
∫ 1

0

∫
Γ+

e2λ(k+s)(f2(s)− (PΓf)2(s))dγds

= −
∫ 1

0

∫
Γ+

e2λ(k+s)
(

(I − PΓ)f(s)
)2
dγds

where the last line is obtained by writing f = PΓf + (I − PΓ)f and using
orthogonality when one develops the last line.
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Finally we obtain, from the previous computation along with (84):

e2λN‖f(N)‖2 +
(

min(
δ0

2
,
δ0

2M
)− Cνλ

)N−1∑
k=0

∫ 1

0
e2λ(k+s)‖fk(s)‖2νds

≤ ‖f(0)‖2 − (1− δ0

2
)
N−1∑
k=0

∫ 1

0

∫
Γ+

e2λ(k+s)((I − PΓ)f(s))2dγds

Since there are no constraints on δ0 we can choose δ0 < 2 and we can also
choose λ so that Cνλ < min{ δ04 ,

δ0
4M }e

−2λ, which leads to:

e2λN‖f(N)‖2 ≤ ‖f(0)‖2

Finally on [N, t], we see from (81) that ‖f(t)‖2 ≤ ‖f(N)‖2, so we have:

e2λt‖f(t)‖2 ≤ e2λt‖f(N)‖2 ≤ e2λt−N‖f(0)‖2

and the theorem is proven provided e2λ(t−N) ≤ 2, which can always be
satisfied by a good choice of λ.

Let us finally point out that the theorem gives already a good result about
the decay we expect in the near-Maxwellian regime. Moreover, theorem 13
gives us that the convergence of f towards the equilibrium is exponential in
L2, providing we assume mass conservation and the diffuse reflection bound-
ary condition.

4.1.1 Proof of the key proposition

We have seen that Theorem 13 can be obtained from proposition 10. The
only task remaining to prove the exponential decay in the L2 norm is thus
to prove this proposition. The proof is done by contradiction: we construct
a sequence of functions which exists if the proposition is not true. Then we
choose a normalized sequence for which we can prove a weak convergence
in a certain norm. Along with further properties, this leads us to the proof
that the weak limit of the sequence is 0, and we show that the norm of the
limit is different than 0. Let us give some details.

Assuming proposition 10 does not hold, we can then build a sequence fk
of function to the linearized Boltzmann equation (77) satisfying the boundary
condition and the mass conservation so that for all k ≥ 1,∫ 1

0
‖Pfk(s)‖2νds ≥ k

(∫ 1

0
‖(I − P )fk(s)‖2νds+

∫ 1

0
‖(I − Pγfk‖2γ+

ds
)

If we now consider Zk = fk√∫ 1
0 ‖Pfk(s)‖2νds

we have the normalized sequence

announced above. Note that the denominator is different from 0 from the
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above inequality. Indeed, for all k:∫ 1

0
‖PZk(s)‖2νds = 1

which allows us to write:∫ 1

0
‖(I − P )Zk(s)‖2νds+

∫ 1

0
‖(I − PγZk(s)‖2γ+

ds ≤ 1

k
(86)

Also, since, for all k, fk is a solution to the linearized Boltzmann equa-
tion (77), we have that Zk is also a solution for all k (for a different initial
condition). We have supk

∫ 1
0 ‖Zk(s)‖

2
νds < +∞, which gives that Zk con-

verges to some Z weakly (it is a bounded sequence in a infinite-dimensional
space, and the unit ball is weakly compact in such spaces) in the norm:

|||.||| =
∫ 1

0
‖.‖2νds

Together with the normalization condition and the equation (86), this gives
that:

|||(I − P )Zk||| → 0 (87)

and we also have PZk ⇀ PZ in
∫ 1

0 ‖.‖
2
νds. We obtain that (I − P )Zk ⇀

(I−P )Z, and (87) implies that Z = PZ, since if xn ⇀ x, ‖x‖ ≤ lim inf
n→+∞

‖xn‖.
Hence Z is of the form:

Z(t, x, ξ) =
(
a(t, x) + ξ · b(t, x) + |ξ|2c(t, x)

)√
µ (88)

Finally, the weak convergence of Zk towards Z and the fact that, for
all k, Zk is a solution to the linearized Boltzmann equation gives that Zk
is also a solution in the weak sense (or distributional sense). Moreover,
LZk = L(I − P )Zk because of the bilinearity of the collision operator Q
and of the fact that Q(µ, µ) = 0 since µ is the Maxwellian. Using equation
(87) again, and passing to the limit in the linearized Boltzmann equation
evaluated with Zk:

(∂t + ξ · ∇x + L)Zk = 0

by property of fk, we obtain:

∂tZ + ξ · ∇xZ = 0 (89)

which is exactly the free-transport equation studied in the previous sections!
The goal is then to prove that Z = 0 from the equation and the boundary
condition. On the other hand we will show that the convergence of Zk to
Z is in fact strong in |||.|||, and the normality hypothesis on Zk will provide
the contradiction.

We will only sketch the details of these steps, as the proof is long.
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• We start by describing the form of the functions a(t, x), b(t, x) and
c(t, x) in (88): we can write a (respectively c) as a second-order poly-
nomial in x (resp. in t) independent from t (resp. from x), and b as a
product of first-order polynomials in both variables. This step uses the
connectedness of Ω, and is achieved by deducing macroscopic PDEs by
plugging (88) into the free-transport equation satisfied by Z. To prove
that the coefficients appearing in the equations for a, b and c are finite,
we use properties of linear independence for some quantities related to
the Maxwellian.

• Next we show that if φ(t, x) is smooth, compactly supported in (0, 1)×
Ω, then we have

∫ 1
0 ‖φ(Zk−Z)(s)‖2ds = 0 up to a subsequence. Let us

emphasize a little bit more on this proof, as this is a key result. We start
from the linearized Boltzmann equation satisfied by Zk and multiply it
by φ. We then use a special property due to our choice of cross-section:
since we have hard potentials in our study,

∫ 1
0 ‖Zk(s)‖

2ds is uniformly
bounded since Zk solution to the linearized Boltzmann equation. We
then use an Averaging Lemma proved by DiPerna and Lions [7] which
states roughly that velocity averaging eliminates oscillations and con-
centrations in space-time. It allows us to prove that

∫
φZφξdξ is com-

pact, in L2([0, 1]×Ω), where φξ is a cutoff function. We use this result
to prove that φPZk → φPZ = φZ in the sense of a strong convergence
in L2([0, 1]× Ω× R3). By (87), we get

∫ 1
0 ‖φ(I − P )Zk(s)‖2ds→ 0.

• The previous important result is the basic point to show that Zk con-
verges to Z strongly in |||.|||. We just need to prove that there can
not be any time or boundary concentration of the Zk. We start by the
time concentration, which is ruled out by the fact that we can show
sup0≤t≤1,k≥1 ‖Zk(t)‖ < ∞. The proof is mostly based on an L2 esti-
mate for the linearized Boltzmann equation, together with the equality
(85), which allows us to bound ‖Zk(t)‖2 by ‖Zk(0)‖2 + 1. We finally
derive a bound for Z0 using again the fact that we are working with
hard potentials and the equation (85).

• The boundary concentration is harder to rule out and is probably the
most delicate part of the proof of proposition 10. We first define a
region Ω

′ which corresponds to the points of Ω far away from the
boundary. We also define an outward moving region U+ corresponding
to the (x, ξ) with x in Ω−Ω

′ and ξ small enough, with n(x) · ξ > ε for
some ε > 0, which also helps up to define Ω

′ and the maximum speed
in U+, and an inward moving region U− with the same condition ex-
cept that n(x) · ξ < −ε. The goal is to exhibit a control of Zk1U± by
the value of Zk at the boundary of Ω

′ . This will mean that we can
control the behavior at the boundary by the values in the interior of
Ω, so there can be no concentration at the boundary. The remaining
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part of Zk at the boundary is controlled by using (87). The proof is
mainly achieved by taking points (x, ξ) with x around the boundary,
and transporting them backward or forward in time. In particular, we
can construct functions transporting these points and show that they
solve the transport equation. Multiplying them with the linearized
Boltzmann equation satisfied by Zk, we are able to derive L2 esti-
mates. One must then focus on the inner boundary contribution of
this product function, and in particular the solution is to use Ukai’s
trace theorem (see [16]), and then to add the result of interior com-
pactness already proven. With this at hand, one can show that Zk is
compact. It remains to show that Z, the limit, satisfies a boundary
condition, a result that can once again be derive using Ukai’s trace
theorem. We then recover the same boundary condition for Z.

• This boundary condition is essential to prove that Z = 0. One has to
come back to the more precise form of (88) given by the first step. The
mass conservation provides an easy way to prove that some coefficients
for c are 0. Once again, the linear independence of quantities such as
ξ
√
µ,
√
µ, |ξ|2√µ helps us, since it then gives us that b = 0. The result

finally follows from the boundary condition obtained at the previous
step.

4.2 L∞ decay theory

In the previous section we have shown that we have an exponential decay
in terms of a certain L2 norm, provided the solution f is in a regime close
to the Maxwellian. One might wonder if we can obtain a similar result in a
pointwise manner, and of course the right space to focus on is then L∞.

We first introduce a weight function:

w(ξ) = (1 + ρ|ξ|2)β expθ|ξ|
2

where ρ now designates a parameter to be chosen. Define ν0 = ν(0).
The goal of this section is to prove the main theorem:

Theorem 14. It exists θ0(ν0) > 0 such that θ0(ν0) < θ < 1
4 , and ρ small

enough in the definition of w such that, if we assume the mass conservation
(76) is valid for f in and:

F in(x, ξ) =µ+
√
µf in(x, ξ) ≥ 0 and

‖wf in‖∞ ≤δ

for δ small enough, there exists a solution F (t, x, ξ) = µ +
√
µf(t, x, ξ) ≥

0 to the diffuse boundary value problem for the Boltzmann equation which
satisfies:

sup0≤t≤∞e
λt‖wf(t)‖∞ ≤ C‖wf in‖∞

73



Moreover, if Ω is strictly convex, and f in continuous except on Γ0 = {(x, ξ) ∈
∂Ω× R3 : n(x) · ξ = 0}, with:

f in(x, ξ)|Γ− = cµ
√
µ

∫
n(x)·ξ′>0

f in(x, ξ
′
)
√
µ(ξ′)(n(x) · ξ′)dξ′ ,

then f is continuous in [0,∞)× {Ω̄× R3 \ Γ0}.

Let us consider h = fw for f solution to the linearized Boltzmann equa-
tion. The equation and the initial value then write:(

∂t + ξ · ∇x + ν −Kw

)
h =0 (90)

h(0, x, ξ) = hin(x, ξ) =wf in (91)

where Kwh = wK( hw ), and with the boundary condition (75). We will define
two semigroup solutions: the first one is U(t)hin and is the solution to (90),
while the second one is G(t)hin and is a solution to the simpler problem:(

∂t + ξ · ∇x + ν
)
h =0 (92)

h(0, x, ξ) = hin(x, ξ) =wf in (93)

Referring to semigroups to define U(t) and G(t) means that we can write the
solutions to the problems as h(t) = U(t)hin, with U(t) satisfying U(0) = Id,
U(t + s)hin = U(t)U(s)hin = U(s)U(t)hin and a continuity condition for
U (for more details on semigroup theory, see for instance [8]). The same
applies for G. The first step is to obtain an explicit formula for G(t) by
using both the equation and the boundary condition. Then we can prove
an exponential decay rate for G(t) and that it is continuous provided Ω is
strictly convex, a result that can be derived by using a so-called velocity
lemma. The Duhamel principle allows us to link the quantities G(t) and
U(t) in the following manner, since the equation (90) is just (92) with the
additional term in Kw :

U(t) = G(t) +

∫ t

0
G(t− s1)KwU(s1)ds1 (94)

And iterating this principle gives:

U(t) =G(t) +

∫ t

0
G(t− s1)KwG(s1)ds1

+

∫ t

0

∫ s1

0
G(t− s1)KwG(s1 − s)KwU(s)dsds1.

(95)

The main point is then to use the previous L2 theory and the result of
exponential decay to control the last term of the equation (95).
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First we need to establish the existence of the semigroup G. We will
do so by tracing back the points along the characteristics, and introducing
a space that will allow us to trace back more than one bounce despite the
randomness of the reflection. However, we might see the occurrence of par-
ticularly pathological bouncing, and we need to check that we can control
those cases so that they do not invalid our study. This is done by introducing
the following cycles:

Definition 4. Let (t0, x0, ξ0) 6∈ Γ0. Recall tb(x, ξ) ≥ 0 is defined to be the
backward exit time (the first time at which, following the characteristic, we
exit Ω), and xb(x, ξ) = x− tb(x, ξ)ξ. We define the back-time cycle as:

(tk+1, xk+1, ξk+1) = (tk − tb(xk, ξk), xb(xk, ξk), ξk+1),

ξk+1 ∈ Vk+1 = {vk+1 · n(xk+1) > 0}

Definition 5. Define Xcl and Vcl as:

Xcl(s, t, x, ξ) =

∞∑
k=0

1[tk+1,tk)(s)(xk + (s− tk)ξk)

Vcl(s, t, x, ξ) =

∞∑
k=0

1[tk+1,tk)ξk

Let us try to give some sense of these quantities. The sequence (tk, xk, ξk)
trace back the point (t0, x0, ξ0), except that since the velocity is generated
again at the boundary, it can not be obtain deterministically. In this frame-
work we do not have a rule to obtain ξk+1 from ξk but we still need to impose
a condition: the velocity must be directed towards Ω. Hence the ξl are inde-
pendent, even though the phase space Vl in which they are chosen depends
on the previous value of ξj , j < l and of the value of x and t. If we define
the measure dσ(x) = cµµ(ξ)(n(x) · ξ)dξ, we can prove a first result, namely
that, for k large, the space

∏k−1
i=1 Vi is “large enough” for our study, in the

sense that we can trace back the characteristic up to the origin in all but an
arbitrary small part of this set. Rigorously:

Lemma 4. For all ε > 0, it exists k0(ε, T ) > 0 such that for k ≥ k0 and
0 ≤ t ≤ T , x in Ω̄ and ξ in R3:∫

∏k−1
i=1 Vi

1tk(t,x,ξ,ξ1,...,ξk−1)>0

k−1∏
i=1

dσi ≤ ε (96)

Proof. Let us only sketch it, as the full details are quite long. The main job
is done by dividing the space Vi as (Vi \ Vδi ) ∪ Vδi , for some 0 < δ < 1 and:

Vδi = {ξi ∈ Vi, ξi · n(xi) ≥ δ} ∩ {ξi ∈ Vi, |ξi| ≤
1

δ
}
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The integral is quite easy to control by Cδ for some C > 0 on Vi\Vδi . For the
Vδi set, we use that if ξi ∈ Vδi , xi − xi+1 = (ti − ti+1)ξi. Then, we have that
tl − tl+1 ≥ δ3

CΩ
(this is a technical result discuss in the remark 8). So in the

case where the boundary is not reached after k bouncing, (so that tk > 0),
we can actually identify the exact maximal number J of the sequence (vl)l
which are in a space of the form Vδl , the remaining terms being in space
of the form Vl. We can then write the integral as a sum on the possible
values for J and bound the quantities appearing. This maximum number of
possibilities induces the presence of binomial coefficients, that we can easily
bound as well. Overall we obtain a control on the whole integral depending
on k, T , the fixed constants C and CΩ, and δ, so once T is fixed, we can
choose k0 big enough (k0 � J) and δ small enough (Cδ < 1) to finish the
proof.

Remark 8. This proof uses that, if x1, x2 ∈ ∂Ω and (t1, x1, ξ) and (t2, x2, ξ)

are connected with trajectory dX(s)
ds = V (s) and dV (s)

ds = 0 lying in Ω̄, it exists
a constant CΩ > 0 such that

|t1 − t2| ≥
|n(x1) · ξ|
CΩ|ξ|2

.

The proof of this inequality relies mainly on the following remark: if x1 ∈ ∂Ω,
then

lim
y→x1,y∈∂Ω

|(x1 − y) · n(x1)|
|x1 − y|

= 0

and on Cauchy-Schwartz inequality. With these two results at hand, the
computation is straightforward.

The second step of the study is to link the cycles to the solution of the
equation (92) to which we add a source term. We will split the study of such
a solution in two cases depending on the cycles. Let us introduce, in the
case where we have some 0 < θ0(ν0) < θ < 1

4 , and ρ sufficiently small, the
modified weight:

w̃ =
e( 1

4
−θ)|ξ|2

(1 + ρ|ξ|2)β
≥ 1

Lemma 5. Let h, qν ∈ L
∞ satisfy (∂t+ξ ·∇x+ν)h = q with q : R+×Ω×R3.

Let (t, x, ξ) 6∈ Γ0 and use the same notation as above for the back-time cycles.
Then, for almost every x and ξ, for 0 ≤ s ≤ t, if t1(t, x, ξ) ≤ s, we have

h(t, x, ξ) = expν(s−t) h(s, x− ξ(t− s), ξ) +

∫ t

s
eν(τ−t)q(τ, x− ξ(t− τ), ξ)dτ

(97)
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On the other case, t1(t, x, ξ) > s and for k ≥ 2,

h(t, x, ξ) =

∫ t

t1

eν(τ−t)q(τ, x− ξ(t− τ), ξ)dτ +
eν(ξ)(t1−t)

w̃(ξ)

∫
∏k−1
j=1 Vj

H (98)

The quantity H has the expression:

H(t, x, ξ) =
k−1∑
l=1

1tl+1≤s<tlh(s, xl + (s− tl)ξl, ξl)dΣl(s)

+
k−1∑
l=1

∫ tl

s
1tl+1≤s<tlq(τ, xl + (τ − tl)ξl, ξl)dΣl(τ)dτ

+

k−1∑
l=1

∫ tl

tl+1

1tl+1>sq(τ, xl + (τ − tl)ξl, ξl)dΣl(τ)dτ

+ 1tk>sh(tk, xk, ξk−1)dΣk−1(tk)

where dΣl(s) =
(∏k−1

j=l+1 dσj

)(
eν(ξl)(s−tl)w̃(ξl)dσl

)∏l−1
j=1 e

ν(ξj)(tj+1−tj)dσj.

This lemma seems quite technical (and is!). Rather than going through
its proof (which is mostly the result of an induction and a technical lemma),
let us try to understand it. The first equation for h is valid in the case where
t1 ≤ s, i.e s occurs between the time t and the first bouncing (in reversed
time) at the boundary. Therefore the value of h is just the natural evolution
of h since the time s (the first term in (97) and the evolution of the source
term along the characteristic (the second term).

A more interesting case is of course given by the second equation. This
time, starting from t, we can only reach s by tracing long enough, and we
reach the first collision at the boundary before reaching the position in s.
The first term of (98) is simply the evolution of the source term along the
characteristic between the time t1 and t. The first term in the definition of
H corresponds to the fact that we can evaluate h at time s by tracing back
from the closest boundary point tl, where tl−1 ≤ s < tl. We can do the
same for the contribution of q, which is the object of the second term in the
definition of H. However, we also need to take into account the contribution
of q between this tl and t1 (when we follow the characteristic from one point
at the boundary to an other, we have an additional contribution of q), which
corresponds to the third term. The last term corresponds to the first one in
the extreme case where the value of s is so small that we have to trace back to
a time before any boundary collision. The measure dΣ is just adapted to the
fact that once again the velocity picked at each collision with the boundary
is random, and that we need to take into account the evolution since the
closest boundary point in the computation (which explain the exponential
that appears).
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We will not develop the proof of this result, but just emphasize the fact that
a key point is that the boundary mapping:

(t, x, ξ)→ (t− tb, xb(x, ξ), ξ) ∈ R+ × {Γ0 ∪ Γ−}

maps zero-measure sets to zero-measure sets from {t}×Ω×R3 to R×{Γ0 ∪
Γ−}, and that an analogous result exists for the inverse of this map, defined
from R× {Γ0 ∪ Γ−} to itself. The proof of that intermediate result is quite
long and we will admit it for the sake of conciseness.

Finally we can go on to prove the existence of G(t) as announced.

Lemma 6. Let hin ∈ L∞. Assume there exists θ0(ν0) > 0 such that θ0(ν0) <
θ < 1

4 , and ρ small enough. Then it exists a unique solution h(t) = G(t)hin ∈
L∞ to the equation (92) with the boundary condition:

h(t, x, ξ)|Γ− =
1

w̃(ξ)

∫
V(x)

h(t, x, ξ
′
)w̃(ξ

′
)dσ (99)

Also h satisfies:

sup
0≤t≤1

eν0t‖G(t)hin1t1>0‖∞ ≤eν0/2‖h
in

w̃
‖∞ and

‖G(t)hin1t1≤0 ≤‖e−tν(ξ)hin‖∞
(100)

In particular, we have that:

sup
t≥1

e
ν0
2
t‖G(t)hin‖∞ ≤ eν0 max

(
‖h

in

w̃
‖∞, ‖e−ν(ξ)+ν0hin‖∞

)
(101)

Proof. This proof is quite long yet very interesting, so we will sketch it with
some details. The main idea is to construct a sequence of approximated
solutions that will satisfy an approximated boundary condition and an ap-
proximated initial condition:

hm(t, x, ξ)|Γ− =(1− 1

m
)

1

w̃(ξ)

∫
V
hm(t, x, ξ

′
)w̃(ξ

′
)dσ(x)

hm(0, x, ξ) =hin1|ξ|≤m

Then we can consider the sequence h̃m = w̃hm for all m. The boundary
operator g →

∫
V g(t, x, ξ

′
)dσ(ξ

′
) associated with the boundary condition

satisfied by h̃m maps L∞ to itself. The L∞ norm of h̃m(0) can be proven
to be bounded. Also, a technical result about the equation (92) gives us
that those conditions are enough to show the existence of an h̃m solution to
(92). We recover the first approximation by considering hm = h̃m

w̃ which is
bounded and unique.
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To achieve the proof we of course need to show the convergence of our
sequence hm, which requires the derivation of a uniform bound in the L∞

norm. Assuming (100), (101) can be obtained by taking t = 1 for both
equation and taking the maximum of the two right-hand side quantities to
bound ‖hm(1)‖∞ by ‖hm(0)‖∞ times a constant. Ultimately we obtain the
bound for all t.

It remains to show that (100) holds. The first step is once again to cut
the situation into two parts: t1(t, x, ξ) ≤ 0 and t1(t, x, ξ) > 0. In the former
case the result is straightforward, in the other case we have again to split
into the different possible number of bouncing, and we can control the case
where this number is too big by lemma 4. The remaining details are omitted.

So far we have proven the existence of G(t). One of the most important
point in semigroup theory is to have some continuity for G.

Lemma 7. Assume Ω is strictly convex and the usual hypothesis for θ0(ν0), θ
and ρ. Assume hin(x, ξ) is continuous outside of Γ0 and q is continuous in
the interior of A = [0,+∞]× Ω× R3, with supA |

q(t,x,ξ)
ν(ξ) | <∞. If we have:

h0(x, ξ)|Γ− =
1

w̃(ξ)

∫
V
hin(x, ξ

′
)w̃(ξ

′
)dσ,

and if h satisfies (99) and (∂t+ξ ·∇x+ν)h = q, then for all t, h is continuous
outside of Γ0.

Proof. Again we will only sketch it, as going through the full details would
be too long.

• We take (t, x, ξ) with (x, ξ) 6∈ Γ0, we fix k and use the expression for
h given by lemma 5 with s = 0. We also consider (t

′
, x
′
, ξ
′
) close

to (t, x, ξ) and evaluate h(t
′
, x
′
, ξ
′
) with the same value for k and the

related sequence t′l, x
′
l and the spaces V ′l and the measure dσ′l .

• Guo identifies two main steps: in the first one we reduce the situation to
some approximate of the phase spaces. For this we use both Duhamel’s
principle and the lemma 6 to bound ‖h(t)‖∞ by a quantity depending
on the L∞ norm of h0 and of the bounded (by hypothesis) quantity
supA |

q
ν |. The lemma 4 allows us to find a k large enough so that we

can control the last terms of the value H that appears in lemma 5
for both h(t, x, ξ) and h(t

′
, x
′
, ξ
′
) and make it arbitrary small. The

remaining part to control is when tk ≤ 0 and the same for t′k.

• For this we define non-grazing sets in a manner close to the V δ from
the proof of lemma 4, and we split the integral over the indicator of
tk ≥ 0 between the case in which one of the velocity vl is outside of
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the non-grazing sets, and the case where all velocities are in those sets
(and we do the same for t′k, with of course a split on v′l), with l < k.
The sum of the integrals over the domains where at least one velocity
is outside the non-grazing set can be made arbitrary small by lemma
4. The other case is handled by an important analytic result called
velocity lemma, and a corollary of it, which gives us that xl+1, tl+1

are smooth functions of xl, ξl and that |tl − t
′
l| + |xl − x

′
l| → 0 for all

l ≤ k−1, as (t
′
, x
′
, ξ
′
)→ (t, x, ξ), uniformly in

∏l−1
j=1 Vδj for some δ that

we will not specify. This idea is quite intuitive: as (t, x, ξ) converges
to (t

′
, x
′
, ξ
′
) the trajectory converges and so the sequences of bouncing

times and positions converge as well.

• We now define the approximate phase-spaces B as:

B =

k−1∏
l=1

Vδl ∩ V
′δ
l

and we can prove that to prove the continuity it is enough to look at
the fluctuations h(t, x, ξ)− h(t

′
, x
′
, ξ
′
) where the integrations are over

B.

• The second step is thus the proof of the continuity of h over B. In the
first case, where no bouncing occurred during the trajectory (t1 < 0),
we have the same for t′1 by continuity. The proof involves writing an
equivalent for the value of h(t

′
, x
′
, ξ
′
) and the use of the dominated

convergence theorem to compute the limit when t
′
1 → t1, taking ad-

vantage of the known boundedness of hin and q
ν . When t1 > 0, we need

to split B into different cases for the bouncing (in particular we have to
distinguish first the behaviour of the sequence tl and t

′
l). We will omit

the details, but they rely on the same kind of arguments (dominated
convergence theorem, corollary of the velocity lemma...).

Remark 9. Let us discuss a little more the velocity lemma used in the proof.
The statement is that, if Ω is strictly convex, we can define a well-chosen
functional α of the time along the trajectories dX(s)

ds = V (s) and dV (s)
ds =

0 and obtain two inequality linking α(t1) and α(t2) for t1 ≤ s ≤ t2 for
X(s) ∈ Ω̄ (we can bound a well-chosen exponential times α(t1) by the same
exponential evaluated at t2 times α(t2) and vice versa for a different well-
chosen exponential). The proof is just based on the convexity assumption,
the derivation of the derivative and the Gronwall lemma.
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At this stage we have recovered a big part of what is expected in the
semigroup theory for G(·). Indeed, we have the continuity for this function.
But our ultimate goal is to treat the equation (90), which is linked to the
semigroup U(·). The following theorem is the last preliminary result we need
to be able to compute the proof of the main theorem 14.

Theorem 15. Assume hin ∈ L∞ and it exists 0 < θ0(ν0) < θ < 1
4 , ρ small

enough. There exists a unique solution to both linearized Boltzmann equa-
tions (77) and (90) with the boundary condition (99). Let U(t)hin be the
solution to the weighted linearized Boltzmann equation (90) with the diffuse
boundary condition, then it exists λ > 0, C > 0 so that we have the exponen-
tial decay:

eλt‖U(t)hin‖∞ ≤ C‖hin‖∞ (102)

Proof. Again we will only sketch the proof of this result. We will mostly
emphasize the points for which the previous lemmas are needed.

• Let h(t) = U(t)hin ∈ L∞ solution to (90). We can use Ukai’s trace
theorem to prove that hγ ∈ L∞. Hence f = h

w satisfies (77), is in L2

and is such that
∫ t

0 ‖f(s)‖2γds <∞. The standard energy estimate for
the linearized Boltzmann equation (77) gives the uniqueness of f . The
well-posedness can be found in [12] and will be admitted.

• The proof relies mainly on the fact that our L2 decay proved before
makes the task of proving the decay easier, as it allows us to get the
result by proving only a finite-time estimate. Indeed, if we assume that
it exists T0 > 0 and CT0 > 0 such that:

‖U(T0)hin‖∞ ≤ e−λT0‖hin‖∞ + CT0

∫ T0

0
‖f(s)‖ds (103)

with λ so that f satisfies eλt‖f(t)‖ ≤ C‖f0‖, then we have (102). Note
that this inequality is not trivial at all and is one of the key result of
the paper [12]. To prove this equivalence, set m ≥ 1. One need to
apply (103) to h(lT0 + s), with l = m − 1,m − 2, ...0. This results in
an expression of the form:

‖h(mT0)‖∞ ≤ e−mλT0‖hin‖∞ + CT0

m−1∑
k=0

e−kλT0

∫ (m−k)T0

(m−k−1)T0

‖f(s)‖ds

We can then use the L2 decay of f to bound ‖f(s)‖ by e−λ(m−k−1)T0‖f in‖
and we obtain, after some computations:

‖h(mT0)‖∞ ≤ CT0,λe
−mλT0

2 ‖hin‖∞
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The only thing remaining to check is that we can get the bound for
all t. We just have to chose m so that mT0 ≤ t ≤ (m + 1)T0 and we
obtain:

‖h(t)‖∞ ≤ C
′
e−

λ
2
t‖hin‖∞

• Once this reduction to the finite time estimate is proven we can use
the iteration of the Duhamel principle (95) and the lemma 6 to bound
its first two terms by C(t + 1)e−ν0t‖hin‖∞. We can use the previous
formula from lemma 5 with the quantity H evaluated with q = 0 to
handle the third term. As before, we can then use lemma 4 to handle
the case where tk is too big, for some k large enough. The other cases
are handled by the lemma 6.

• The end of the proof is the control of the first two quantities that
appear when we use the quantity H from lemma 5 to decompose the
integrand of the third term of the formula obtained by double Duhamel
principle (95). We will admit this part.

Let us conclude this section by giving the main ideas of the proof of the
theorem 14, using those preliminary results.

Proof. of theorem 14: We will not do all the details as the proof is once
again quite involved, but we will try to give as many steps as possible. We
use the following iterations: Let h0 = 0, and :

(∂t + ξ · ∇x + ν −Kw)hm+1 = wQ̄(
hm

w
,
hm

w
) (104)

with Q̄(f, g) = 1√
µQ(
√
µf,
√
µg), and hm+1(0, ., .) = hin(., .) and hm+1|Γ−

satisfies the boundary condition. By the Duhamel principle, we obtain:

hm+1 = U(t)hin +

∫ t

0
U(t− s)wQ̄(

hm

w
,
hm

w
)(s)ds

(we do not give every detail of this derivation, but it is quite intuitive that
the contribution of the source term should appear this way in the formula).
By the equation (94), we can replace U(t) by the corresponding integral
equation depending on G and Kw to obtain a new way to write the last
term: ∫ t

0
G(t− s)wQ̄(

hm

w
,
hm

w
)(s)ds

+

∫ t

0

∫ t

s
G(t− s1)wKwU(s1 − s)Q̄(

hm

w
,
hm

w
)(s)dsds1 (105)
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and we will find a control on the L∞ norm of both terms, which will be
sufficient by triangle inequality.

For the first term, let us split it as two integrals: the first one between
(t − 1) and t, the second one between 0 and t − 1. Let us start with the
bound for the integral between (t − 1) and t. We can show (admitted but
the proof is easy for our choice of interaction with γ ∈ [0, 1]) that we have:

|wQ̄(g1, g2)(ξ)| ≤
(
w(ξ)(|ξ|+ 1)γ |g1(ξ)|+ ‖wg1‖∞

)
‖wg2‖∞

and this result, combined with lemma 6 gives the following bound:

|
∫ t

0
G(t− s)wQ̄(

hm

w
,
hm

w
)(s)ds| ≤ Ce−ν0t/2 sup(e

ν0
2
s‖h(s)‖∞)2

The integral between 0 and t−1 is control via again the use of lemma 6, more
precisely using the second equation, and using that w decays exponentially
we obtain the same bound (up to a constant).
Let us focus on the second term of (105). We define the semigroup Ũ(t)hin

to solve:

(∂t + ξ · ∇x + ν − Kw√
1 + ρ|xi|2

)(Ũ(t)hin) = 0

with the initial condition Ũ(0)hin = hin and the adapted boundary condition
(99) but with w̃1 where w1 = w

(
√

1+ρ|xi|2)
in place of w̃. Then Ũ(t)hin

w1
solves

the equation (90), so that we have:

U(t)hin =
√

1 + ρ|xi|2Ũ hin√
1 + ρ|xi|2

We can then apply the result of theorem 15 to Ũ to obtain a bound on the
second term of (105), so that we can write:

sup
m,0≤t≤+∞

eλt‖hm+1(t)‖∞ ≤ C‖hin‖∞

Using this bound, we can substract hm to hm+1 and obtain that hm is a
Cauchy sequence. Indeed, if we consider the equation satisfied by the differ-
ence hm+1 − hm, the only difference with (90) is the new source term which
is now w(Q̄(h

m

w , h
m

w )− Q̄(h
m+1

w , h
m+1

w )). Using the bilinearity of Q̄ inherited
from the bilinearity of Q, we obtain a Duhamel formula with two integrands
that we can both bound by the infinite norm of hm, hm+1 and hm+1 − hm
so we have that hm is a Cauchy sequence. Since L∞ endowed with its usual
norm is complete, hm has a limit h. The convergence is uniform, and in the
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case where Ω is strictly convex, we can use lemma 7 to ultimately show that
h is continuous.
The last part of the proof is devoted to the positivity of F = µ+

√
µf . We

define a new iterative scheme:

(∂t + ξ · ∇x)Fm+1 + ν(Fm)Fm+1 = Qgain(Fm, Fm)

where Qgain(f, g) =
∫
R3

∫
S2 |v−u|γf(v

′
)g(u

′
)q0(θ)dwdu with the usual nota-

tion: u′ = u+ (v − u) · w, the same for v′ and 0 ≤ q0(θ) ≤ C|cosθ| (angular
cutoff). We also impose Fm to satisfy a diffuse boundary condition:

Fm+1(t, x, ξ)|Γ− = cµµ(ξ)

∫
Fm+1(t, x, ξ

′
)(n(x) · ξ′)dξ′

Introducing fm = Fm−µ√
µ , fm satisfies:

(∂t + ξ · ∇x + ν)fm = Kfm + Q̄gain(fm, fm)− Q̄loss(f
m, fm+1)

We can show again that hm = wfm is a Cauchy sequence, local in time
[0, T0] with T0 > 0. Now we can show that Fm ≥ 0 implies Fm+1 ≥ 0.
For this we run a computation similar to the proof of 5, using again the
cycles and splitting the space using them. We omit the details, and the
conclusion is that indeed we have this implication on [0, T0]. And so we have
F ≥ 0 on [0, T0] in the limit, where h = F−µ√

µ . We have a uniform bound
of supt ‖h(t)‖∞ from the first part, so that we can extend this reasoning to
other intervals of time [T0, 2T0], [2T0, 3T0], ... to obtain F ≥ 0.

Conclusion

We have discussed in this essay the rate of convergence of the distribution
function of a gas enclosed in a vessel towards the equilibrium distribution,
when the reflection is diffuse. This is a key aspect of the answer to the Zer-
melo’s paradox regarding the irreversibility of the solution to the Boltzmann
equation provided by the H-theorem. In the case where the collision can be
neglected, we have presented a result from [1] for a spherically symmetric do-
main in R3 (section 2) stating that the decay in some well-chosen Lp norm
is of order 1

tmin(1,3/p) , where p ∈ [1,∞), providing the initial data is itself
spherically symmetric. We have also given numerical evidence of this decay,
and qualitative evidence that the speed of convergence is constrained by the
presence of low-velocity particles in the initial distribution, which leads to
a long-memory effect, as showed in [15]. This result can be completed by a
decay in the L∞ norm of order 1

t3
obtained in section 3, and given in [13].

Finally we have drawn in section 4 a comparison with the collisional case
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treated in [12], in the particular situation of a near-Maxwellian regime. In
this situation, we are able to show an exponential decay towards equilibrium
in an L∞ and L2 norm.
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Appendices

A Collision invariants

In this appendix, we prove some results about the collision invariants, i.e.
the functions g for which Q(g, g) = 0.

Let us focus for now on the right hand side of the Boltzmann equation.
It is possible to give a different expression for the collision of two molecules.
Assume we have a bullet molecule and a target molecule, call them B1 and
B2, both having radius σ. Denote V the relative speed of the molecules
colliding (V = ξ1 − ξ2 in (1)) and θ the angle between w (joining the center
of both spheres, pointing from B2 to B1) and V . To complete the descrip-
tion of the collision we need additional polar coordinates of the projection
in a plane orthogonal to V : r and ε. The idea is that rdrdε is the surface
element into which the surface element σ2dnout of the collision on the sphere
B1 is projected, where dnout is the normal unit vector at the point the bullet
molecule leaves the target molecule sphere. r is an impact parameter, which
can be seen as the distance, in the plane orthogonal to V , between the cen-
ters of both spheres. For rigid spheres, we obtain r = σ sin θ, and we can
then express B as B = B(θ, V ), providing we now integrate against θ and ε
instead of w.

This discussion allows us to write a new collision term for our Boltzmann
equation as follows, where m is the mass of one molecule:

Q(f, f) =
1

m

∫
(f ′f ′∗ − ff∗)B(θ, V )dξ∗dεdθ

And our goal is to derive properties of the eightfold integral,∫
Q(f, f)φ(ξ)dξ =

1

2m

∫
(f ′f ′∗ + f ′∗f

′ − ff∗ + f∗f)φ(ξ)B(θ, V )dξdξ∗dεdθ

(106)
where φ is chosen with enough decay so that the integral makes sense. In
particular, we aim at identifying collision invariant, which will satisfy:∫

Q(f, f)φ(ξ)dξ = 0 (107)

Proposition 11. Let f be a fixed distribution function. Assume φ is such
that the eightfold integral makes sense and φ satisfies:

φ+ φ∗ = φ
′
+ φ

′
∗ a.e. (108)

Then φ is collision invariant.
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We will restrict ourselves to the following result, as this is all we need for
our study:

Corollary 5. • If φ is a constant, then φ is collision invariant.

• If φ is of the form
φ(ξ) = a+ b · ξ + c|ξ|2 (109)

with a, c constant scalar and b is a constant vector, then φ is collision
invariant.

Remark 10. This last point can be interpreted as conservation laws for
the collisional operator Q. The fact that constant are invariant corresponds
to the conservation of mass, the b · ξ term corresponds to conservation of
momentum and the last term to conservation of energy. This is the idea of
the proof of the corollary.

Proof. The first case is a consequence of the second one: we just need to take
b and c equal to zero. However note that this is also straightforward from
the sufficient condition given above. The second case is actually trivial once
one recall the equations of the conservation of momentum (which implies
that the terms in b on the right hand side and on the left hand side are
equals) and of the conservation of energy (for the terms in c).

Proof of the proposition. The idea is to perform several change of variables to
obtain different formulas for the left-hand side of (106). We will then combine
these integrals to obtain a new equation which will make the result clear.
We first interchange the variable ξ and ξ∗ in (106). This also interchanges
the velocities ξ′ and ξ′∗ by equations (1) of section 1.1. Also note that the
quantities θ and V are not affected by this transformation, so that B(θ, V )
remains unchanged. The Jacobian of this change of variable is one since the
corresponding matrix for the first two variables is(

0 1
1 0

)
We thus obtain:∫

Q(f, f)φ(ξ)dξ =
1

m

∫
(f ′f ′∗ − f∗f)φ(ξ∗)B(θ, V )dξdξ∗dεdθ (110)

Next we perform a second change of variable: ξ → ξ′ and ξ∗ → ξ′∗.
From the lemma 1, we know the Jacobian of this transformation is -1, so 110
becomes:∫

Q(f, f)φ(ξ)dξ =
1

m

∫
(f ′f ′∗ − f∗f)φ(ξ∗)B(θ, V )dξ

′
dξ
′
∗dεdθ, (111)
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where ξ and ξ∗ can be expressed through their relation with ξ′ , ξ′∗, V = ξ−ξ∗
and V ′ = ξ

′ − ξ′∗ by the same expression as in the proof in lemma 1. Note
in particular that:

V
′ · n = −V · n

We know the collision happens in the region V · n > 0, which corresponds
to V ′ · n < 0. We can change n to −n without modifying the expressions of
ξ and ξ∗ (since, for instance, ξ = ξ

′ −n(n ·V ′)) so that we recover a domain
of integration of the form V

′ · n > 0. Our previous equation becomes, by
writing (ξ, ξ∗) for our previous (ξ

′
, ξ
′
∗),:∫

Q(f, f)φ(ξ)dξ =
1

m

∫
(ff∗ − f ′∗f ′)φ(ξ′)B(θ, V )dξdξ∗dεdθ

=− 1

m

∫
(f ′f ′∗ − f∗f)φ(ξ′)B(θ, V )dξdξ∗dεdθ

(112)

where B(θ, V ) remains unaffected by the change thanks to the fact that
V
′

= V − 2n(n · V ) and because we change variables. This expression is
identical to the first one we gave to the eightfold integral, except that we
have a minus sign and φ(ξ

′
) instead of φ(ξ). We obtain the fourth equation

for the eightfold integral by exchanging ξ and ξ′ in the last expression:∫
Q(f, f)φ(ξ)dξ = − 1

m

∫
(f ′f ′∗ − f∗f)φ(ξ

′
∗)B(θ, V )dξdξ∗dεdθ (113)

Taking the mean of the four equations (110), (111), (112) and (113), we
have, with the obvious notation for φ:

∫
Q(f, f)φ(ξ)dξ =

1

4m

∫
(f ′f ′∗ − ff∗)(φ+ φ∗ − φ

′ − φ′∗)B(θ, V )dξdξ∗dθdε

(114)
It is now easy to derive our sufficient condition for φ to be invariant, since

this equation shows that the cancellation of the quantity φ+ φ∗ − φ
′ − φ′∗ is

enough to cancel the eightfold integral, independently of f.

We can in fact show that the second form of the corollary 5 is not only
sufficient but also necessary.

Proposition 12. The eightfold integral 106 cancels if and only if φ is such
that the integral makes sense and satisfies the equation 109.

Proof. The proof is quite tedious and rather long, so we will only sketch it.
It relies mainly on the following points, where φ is a function satisfying
equation (108):

• φ + φ∗ is constant for all (ξ, ξ∗) such that ξ + ξ∗ and ξ2 + ξ2
∗ have

the same value, so that φ + φ∗ = ψ(energy,momentum), where both
quantities are given by the conservation equation (3) and (4).
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• We can make a decomposition of φ and introduce new functions based
on this point:

φ± =φ(ξ)± φ(−ξ)
ψ±(E,M) =ψ(E,M)± ψ(E,−M)

with the energy E = ξ2 + ξ2
∗ and the momentum M = ξ + ξ∗ Some

manipulations and clever evaluations then gives a relation linking φ+

and ψ+, leading to an expression of the form φ+(ξ2) = 2a + 2c|ξ|2
where a and c are two constant.

• For φ−, we find φ−(ξ) + φ−(ξ∗) = φ−(ξ + ξ∗), and we then use a
lemma saying that any function defined on a finite dimensional space
F , continuous at one point and satisfying and f(x) + f(y) = f(x+ y)
for all x, y in F is such that f(x) = A ·x, where A is a constant vector.
The proof can be achieve in three steps, first we show that such f is in
fact continuous everywhere because of the equation, then we use this
continuity and the equation to prove f(cx) = cf(x) for all real c and
all x in F . Finally we use a decomposition in a basis of F to obtain
the result.

• We finally have φ = (φ+ + φ−)/2 and our previous discussion shows
that:

φ(ξ) = a+ b · ξ + c|ξ|2
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B Generalized version of the H-theorem

In this appendix, we will prove a more general version of the H-theorem. We
will assume, as in all the essay, the following boundary condition:

f(t, x, ξ)|ξ · n(x)| =
∫
ξ′ ·n(x)>0

f(t, x, ξ
′
)ξ
′ · n(x)K(x, ξ, dξ

′
) (115)

where x, ξ ∈ Γ−, with Γ− is defined in section 1.1.1, n(x) is the unit outward
normal at the point x and K is a measure-valued Kernel, non-negative and
satisfying a condition of normality. In this case:∫

∂R
(H̄) · ndS =

∫
∂R

∫
(ξ̄f logf) · ndξ̄dS

=

∫
∂R

∫
ξ̄ · nflogfdξ̄dS

In this framework, we can use the so-called Darrozès-Guiraud inequality
first proven in [5].

Theorem 16 (Darrozès-Guiraud inequality). We have, in the case where
the scattering kernel K from equation (115 ) is normalized, non-negative:∫

f0(ξ · n(x))C(g)dξ ≤ 0 (116)

for C a strictly convex function which is continuous, f0 a Maxwellian whose
parameter are determined by the temperature and velocity at the wall (call f0

the wall Maxwellian), with:∫
ξ′ ·n(x)<0

|ξ′ · n(x)|f0(ξ
′
)K(x, ξ, dξ

′
) = |ξ · n(x)|f0(ξ) (ξ · n > 0) (117)

and g = f
f0
. Equality holds in (116) if and only if g = constant a.e., except

when the scattering kernel K is not a normalized delta function.

Proof. The proof of the inequality relies mainly on convexity argument, and
in particular on the Jensen’s inequality. To apply it we need to consider a
measure of total mass 1. This can be done by using the following weight:

W (ξ
′
) =

K(x, ξ, dξ
′
)|ξ′ · n(x)|f0(ξ

′
)

|ξ · n(x)|f0(ξ)

which is of total mass 1 when we integrate in the direction ξ
′ because of

equation (117). We get, by Jensen’s inequality:

C(g(ξ)) = C(

∫
W (ξ

′
)g(ξ

′
)dξ

′
) ≤

∫
W (ξ

′
)C(g(ξ

′
))dξ

′
(118)
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where both integrals are along (ξ
′ · n(x) < 0), and for a fix ξ in W so that

(ξ · n(x) > 0). Finally we multiply by |ξ · n(x)|f0(ξ) on both sides of (118)
and integrate along ξ to obtain, thanks to the normalization of K when we
integrate it along ξ:∫

ξ·n>0
|ξ · n|f0(ξ)C(g(ξ))dξ ≤

∫
ξ′ ·n<0

C(g(ξ
′
))|ξ′ · n|f0(ξ

′
)dξ

′

from which we deduce the result. Note that equality in the above equation
is equivalent to equality in (116). If g is constant, then C(g) is of course
constant and since f0 is a Maxwellian the value in the integral is completely
symmetric on both sides, so we obtain equality in (116).

This preliminary result will help us to better understand the H-theorem
and its implication. We first need to specify the form of the wall Maxwellian.
We have

f0(ξ) =
ρ0

2π(RT0)2
exp(

−ξ2

2RT0
) (119)

where T0 is the temperature at the wall, R the Boltzmann constant
Consider C(x) = x log(x). Then C is differentiable twice on (0,∞) and

C
′
(x) = log(x) + 1, C ′′(x) = 1

x > 0 on (0,∞) so C is strictly convex and we
can apply the previous inequality (extend by continuity C with C(0) = 0).
By Darrouzès-Guiraud inequality:∫

f(ξ · n(x)) log(
f

f0
)dξ ≤ 0

Therefore: ∫
f(ξ · n(x)) log(f)dξ ≤

∫
f(ξ · n(x)) log(f0)dξ

≤− 1

2RT0

∫
(ξ · n(x))ξ2fdξ

(120)

where the last inequality comes from the form of f0 and the fact that
∫
f(ξ ·

n(x))dξ = 0.
We can link this last quantity with more precise physical variables: first,

the heat flux vector, given by:

qi =
1

2

∫
cic

2fdξ̄

where the velocity c, often called random velocity, is the difference between
the velocity ξ and the mass velocity v, given by:

v =

∫
ξfdξ∫
fdξ

ξ = v + c
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In words, v is the motion which can be observed on a macroscopic scale. It
reflects the way the system evolves as a whole. On the other hand, even if we
have a general drift, microscopic variation still occurs. Let us illustrate this
with an example: think of an empty cylinder in which we insert gas at one
point of one of the base circle. The gas will spread itself in the cylinder, and
we will have macroscopically a positive velocity in the direction normal to
the base circle. However, on a microscopic scale, a molecule in the cylinder
can very well have a little deviation, for example because of a collision with
another molecule, and come back in the opposite direction. As this event
is not as common as the general trend, we will not be able to see it on a
macroscopic scale, but this will be taken into account in the random velocity
c. The last things we need to define are the stress tensor:

pij =

∫
cicjfdξ̄

These quantities are of importance physically. We consider the study of the
momentum flow, and in particular of quantities such as

∫
ξiξjfdξ, which is

the flow of the j-th component of momentum in the i-th direction. If we
look at the evolution of momentum in a given region during a given time,
we can divide this change in two parts: a macroscopic part which takes into
account the difference between the molecules that left the region and those
which entered in it, and a remaining part. A way to physically explain this
remaining quantity is to identify it as a force exerted on the boundary of
our region by the surrounding gas. The quantity pij above appears then to
contribute to the stress tensor (and will even be the only contributor in a
Boltzmann gas, which are a gas in which we can neglect the force exerted by
molecules within the region on the other molecules in the region).

The definition of these quantities is ultimately justified by the role they
play in equations, taking exactly the role of the physical quantities they are
assumed to represent.

We are now in possession of every tool we need to conclude the generalized
H-theorem. Note that the quantity in equation (120) can be interpreted as
the energy flow, and written as follows:∫
ξ · n(x)ξ2fdξ =

∫
(vi + ci)nif(v + c)2dξ

=

∫
viniv

2fdξ + 2

∫
vinifvjcjdξ +

∫
vinic

2fdξ +

∫
ciniv

2fdξ

+ 2

∫
cinicjvjfdξ +

∫
cinic

2fdξ

= v2vini

∫
fdξ + vini

∫
c2fdξ + vjpijni + qini

where we have used the independence of v to take it out of the integral and∫
cifdξ = 0
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to cancel the second and fourth terms. Finally we obtain:∫
ξ · n(x)ξ2dξ = (vjpij + qi)ni

since we are projecting v on n(x).
We can now come back to theorem 3 and write:∫

∂R
H̄ · n(x)dS ≤ −

∫
∂R

1

RT0
(qi + pijvj)nidS (121)

The right-hand side is proportional to the heat flux from the solid boundary
to the gas, and by conservation of energy and the fact that our wall is assume
to be at rest, we have that this quantity for the gas is the same as the one
for the solid wall, so that

[(qi + pijvj)ni]gas = [(qi + pijvj)ni]wall = [q · n(x)]wall

Hence:∫
∂R
H̄ · n(x)dS ≤ −

∫
∂R

1

RT0
(q · n(x))walldS = −

∫
d∗Q

RT0
(122)

where d∗Q is the heat transferred from the solid wall to the gas at tem-
perature T0. Note that T0 might vary along the boundary ∂R. From this
discussion we obtain the following generalized H-theorem:

Theorem 17 (Generalized H-Theorem). If the gas is bounded by solid wall
such that the condition (115) holds, H defined as before satisfies:

dH

dt
≤ −

∫
∂R

d∗Q

RT0
(123)

In the case where the heat transfer is never from the gas to the solid (i.e.
d∗Q ≥ 0 in ∂R), H is non-increasing and can be constant if and only if the
distribution function is a Maxwellian.

Proof. We just need to use equation (21) along with (122) to obtain the
inequality. The second assertion is obvious, the second part coming from the
previous result of theorem 3.
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