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Exercise 1 (The Cauchy problem)

We consider the linear Boltzmann equation

∂tf + v · ∇xf = K(f)− a f +Q

where

K(f) =

∫
v∗

k(t, x, v, v∗) f(t, x, v∗) dv∗

and a(t, x, v), Q(t, x, v) are some given functions.

1. Redo the proof of the fixed point argument for constructing solution
by using the second integral formulation

f(t, x, v) = fin(x− tv, v) e−
∫ t
0 a(s,x−(t−s)v,v) ds

+

∫ t

0

[K(f) +Q] (s, x− (t− s)v, v) e−
∫ t
s a(τ,x−(t−τ)v,v) dτ

(first check that this formulation is correct). Prove that with the alter-
native proof, by using the sign assumption a ≥ 0, one could relax (i.e.,
get rid of) the assumption a uniformly bounded.
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2. Assume that k satisfies

∀ t, x, v, v∗, k(t, x, v, v∗) = k0(v) k0(v∗) > 0

and that the initial data fin is nonnegative and satisfies

∀x,
∫
fin dv ≥ α > 0

and that the source term Q is nonnegative. Then prove that the solu-
tion constructed so far satisfies ft > 0 for any t > 0, x, v.

Exercise 2 (Relaxation to equilibrium in the

spatially homogeneous setting)

We consider here the spatially homogeneous collision equation

∂tf = Lf := ρ[f ]M − f

where f = f(t, v), and ρ[f ] =
∫
f dv, and M is the normalized gaussian

M(v) =
1

(2π)d/2
e−
|v|2
2 .

Define the following norm

‖f‖L2 :=

(∫
f 2M−1 dv

)1/2

.

1. Solve the Cauchy Problem in L1
x,v.

Hint : Show appropriate bounds on τ and F , as in the original proof of
existence and uniqueness in the lectures.

2. Assuming that the initial data is C1 with bounded derivatives, prove
that the solution f satisfies ∇xft ∈ L1

x,v for all times (with conservation
of this L1 norm).

3. Still assuming that the initial data is Ck with bounded derivates with
k > d+ 1, show that f is C1 in time, and thus our generalized solution
is in fact a classical solution, i.e.

∂tf + v · ∇xf = Lf

is satisfied pointwise in the sense of continuous functions.
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4. Show that if f0 ≥ 0 then ft ≥ 0.

5. Prove that M is a stationary solution, and thus deduce that if f0 ≤ cM
then ft ≤ cM for t ≥ 0, and the same inequalities with ≥.

6. Assuming that the initial data is Ck with bounded derivates with k >
d+1, show conservation of mass, i.e. conservation of L1

x,v norm in time.

Hint: Consider d/dt
∫
Td×B(0,R)

ft, so as to not worry about issues of

convergence when differentiating under the integral, and after applying
Green’s theorem, let R→∞.

7. Check for the solution constructed above that

d

dt
‖f − ρ∞M‖2

L2 =
d

dt
‖f‖2

L2

where ρ∞ :=
∫
Td×Rd fin.

8. Suppose that f0 = f0(v), i.e. does not depend on x. Show that ft
has no x dependence as well and satisfies the spatially homogeneous
relaxation equation

∂tf = Lf = ρ[f ]M − f.

Exercise 3 (Relaxation to equilibrium in con-

fined inhomogeneous setting)

We have seen during the lectures how to construct a modified norm of hypoco-
ercivity for the linear relaxation equation. Let us look at another method of
building such a modified norm of hypocoercivity by using general semigroup
arguments, and discuss its limits.

1. Go and search the library (for instance in Pazy’s book) for the so-called
“Von Neumann theorem” for operator theory.

2. Here is a matrix version of the result and proof (which contains the
same idea). Consider a matrix A in Rd whose spectrum has real part
strictly negative. We aim at proving that there is a Hilbert norm ‖ · ‖∗
on Rd such that for this norm

〈AX,X〉∗ ≤ −λ ‖AX‖2
∗
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for some positive constant λ > 0.
Hint. Consider the norm

‖X‖∗ :=

(∫ +∞

0

∥∥eAτX∥∥2
dτ

)
where ‖·‖ denotes the usual euclidian norm. First prove that this norm
is well-defined, and then use it to prove the result.

3. Consider now a bounded operator L in a Hilbert space H. (The op-
erator defining our equation is unbounded, but for simplicity we shall
perform the semigroup argument in this simpler setting. It can eas-
ily be extended to the linear relaxation equation.) We shall prove a
preliminary result. Assume that the semigroup Tt of L satisfies

∀ f ∈ H, ‖Ttf‖H ≤ C eλt‖f‖H (1)

for some C ∈ [1,+∞) and λ ∈ R. Prove that

(A) one can choose C = 1 in (1)

if and only if L satisfies

(B) ∀ f ∈ H, 〈Lf, f〉H ≤ λ‖f‖2
H .

A hypocoercive situation is when the semigroup satisfies (1) in the am-
bient norm, but only with some C > 1.

4. Assume (1) with C ∈ (1,+∞) and λ < 0 and consider

‖f‖∗ :=

(
η‖f‖2 +

∫ +∞

0

‖Tτf‖2
H dτ

)1/2

, η > 0.

Prove that this is well-defined as a Hilbert norm, and that, for any
η > 0 this norm is equivalent to the original norm ‖ · ‖H .

5. Under the same assumption and for η ∈ (0, η0) where η0 should be
computed, prove that St satisfies, in the modified norm ‖ · ‖∗, the
control (1) with C ′ = 1 and some λ′ to be computed.

6. Discuss the limits of this general argument as compared to the results
and methods of hypocoercivity we have seen during the lectures.
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Exercise 4 (The Fokker-Planck operator)

This exercise is concerned with the so-called Fokker-Planck operator. Con-
sider Φ ∈ C2(Rd,R) and consider the associated operator

Lf := ∇v ·
[
∇vf +∇vΦ(v)f

]
, f = f(t, v), v ∈ Rd.

We assume that the potential Φ satisfies∫
Rd

e−Φ(v)dv = 1

as well as

lim
|v|→+∞

(
|∇Φ(v)|2

2
−∆Φ(v)

)
= +∞.

(a) Compute the functions f ∈ C2(Rd;R) ∩W 1,1(Rd) such that∫
Rd

|f | |∇Φ| dv < +∞

and cancelling the operator L: Lf = 0.

(b) From now on we assume that f is always sufficiently smooth and suf-
ficiently decaying at infinity so that integrals and integration by parts
all make sense. Prove that

I(f) := −〈Lf, f〉L2(M−1) ≥ 0

where L2(M−1) is the Lebesgue L2 space on Rd with reference measure
M−1 with M(v) := e−Φ(v).

(c) We shall prove that this operator has a spectral gap in the space L2(M−1).
In other words we shall prove a Poincaré inequality for the measure M
on Rd. Prove that

I(f) ≥ 1

2

∫
f 2

(
|∇Φ(v)|2

2
−∆Φ(v)

)
M−1dv ≥ λ1

∫
|v|≥R

f 2M−1dv

(2)
for some constant λ1 ∈ (0,+∞) independent of f .

Hint: Plug f =
√
Mg in the formula for I(f).
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(d) You can admit the following particular case of the Rellich-Kondrashov
Theorem: the embedding H1(B(0, R)) → L2(B(0, R)) is compact for
any R > 0 (meaning that it maps bounded sets into relatively compact
sets), where B(0, R) denotes the usual euclidean ball with radius R.
Prove that∫ ∣∣∣∣∇( f

M

)∣∣∣∣2Mdv ≥ C

∫
B(0,R)

[
f −

(∫
B(0,R)

f(v∗)dv∗

)
M(v)

]2

M−1dv

for some constant C ∈ (0,+∞) independent of f .

Hint: Argue by contradiction.

(e) Deduce that

I(f) ≥ λ2

∫
B(0,R)

[
f −

(∫
Rd

f(v∗)dv∗

)
M(v)

]2

M−1dv−λ3

∫
|v|≥R

f 2M−1dv

(3)
for some constants λ2, λ3 ∈ (0,+∞) independent of f .

(f) By combining (2) and (3), conclude that

I(f) ≥ λ4

∫
Rd

[
f(v)−

(∫
Rd

f(v∗)dv∗

)
M(v)

]2

M−1dv

for some constant λ4 ∈ (0,+∞) independent of f .
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