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Exercise 1 (The characteristics method)

Let us consider the transport equation

∂tf + v · ∇xf + F · ∇vf = 0

for some given (external) force F = F (t, x, v).

1. Assume that the force F (t, x, v) is C1 and satisfies

∀ t, x, v, |F (t, x, v)| ≤ C (1 + |x|+ |v|).

Prove thanks to the Cauchy-Lipschitz-Picard-Lindelöf theorem that the
characteristics curves (solutions to the characteristics ODEs as above)
are defined for all times.

2. Assume that ∇v ·F = 0 (divergence-free force in the velocity variable),
and prove again that the mapping (x, v) 7→ (xt, vt) where (xt, vt) are
the solutions of the characteristics equations at time t starting from
(x, v), has jacobian 1 (for any t ∈ R).

3. Using the previous question, provide an alternative proof (as compared
to the one done in the lecture) of the conservation of the Lp norm of
the solution ft to the PDE, for 1 ≤ p ≤ +∞.
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Exercise 2 (Dispersion estimates)

We consider the free transport equation

∂tf + v · ∇xf = 0, f|t=0 = fin

in the whole space x ∈ Rd (and as usual v ∈ Rd).

1. Try to search the CMS library (rather than google if possible!) for
a full rigorous statement of the so-called “Riesz-Thorin” interpolation
theorem which is used in the proof of the main proposition of this sub-
section of the course. And search for all the possible different methods
of proof you can find through the library.

2. Define the commutator between two operators A and B as

[A,B] = AB −BA.

(We leave aside the question of the notion of unbounded operators and
their corresponding domain, necessary for manipulating derivative op-
erators). Consider three operators A,B,C. Prove formally the follow-
ing relation (distributivity)

[AB,C] = A [B,C] + [A,C]B.

3. Prove formally the more general relation[
s∏

i=1

Ai, C

]
=

n∑
i=1

A1 . . . Ai−1 [Ai, C]Ai+1 . . . An

for some operators A1, A2, . . . , An and C (where the product sign means
the composition of operators).

4. Extend the proof of gain of integrability in the case L1
xL
∞
v 7→ L∞x L

1
v to

the case of the more general transport equation

∂tf + a(v) · ∇xf = 0

with a : Rd → Rd which is C1 with jacobian Ja satisfying

∀ v ∈ Rd, 0 < α ≤ |Ja(v)| ≤ β <∞.
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Exercise 3 (Averaging Lemmas)

1. By assuming that the test function ϕ belongs to W 1,∞
v (still with com-

pact support), extend the proposition of averaging lemma seen in the
course to the case where the source term S is given as S = ∇v ·U with
U ∈ L2 (one order less regular than in the original statement).

2. We want to prove here that averaging lemmas degenerate in L1 due to
concentration effects. Let us define for some given ϕ ∈ C∞C (compact
support) the mapping

Tϕ : g 7→ Tϕg, L1
t,x,v → L1

t,x,v

defined by

(Tϕg)(t, x) =

∫
fϕ dv

where f solves the transport equation

∂tf + v · ∇xf + f = g, f|t=0 = fin.

The goal is to show that Tϕ is not even compact (not even locally).
By compact we mean “mapping a bounded sequence to a compact
sequence”. In the case you have a gain of regularity this is typically
provided (at least locally) by the Rellich theorem and its variants.

(a) Construct some sequence (gn)n≥1 ∈ L1
t,x,v such that gn(v) = 0 for

any |v| ≥ 1, n ≥ 1, and such that gn converges weakly towards
δt0,x0,0.

(b) Compute the associated solutions fn

(c) Consider ϕ a mollified characteristic function of v ∈ B(0, 1) and
compute the weak limit of Tϕgn, and conclude.

Exercise 4 (Phase mixing)

We consider the free transport equation in the torus x ∈ Td:

∂tf + v · ∇xf = 0.
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1. Prove that if k denotes the Fourier variable of x, and η denotes the
Fourier variable of v, the solution is given by

f̃(t, k, v) = f̃in(k, η + kt)

(prove it either by Fourier-transforming the equation itself and then
solving it, or else directly Fourier-transforming the explicit formula for
the solution).

2. (No proof is expected here) Consider the following transport equation
with a magnetic field

∂tf + v · ∇xf + (v ×B) · ∇vf = 0

with B = (0, 0, 1) and f depending only on x1, x2 and v1, v2 (invariance
according the third coordinate). What do the characteristics curves
look like? Do you expect dispersion for this equation? Phase mixing?
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