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Exercise 1 (Fundamental a priori estimates)

1. Complete the proof of the lemma by proving point (3) thanks to points
(1)-(2). For this you will need the so-called Gagliardo-Nirenberg in-
equality: for a function u with compact support in Rd and p ∈ [1, d)
one has

‖u‖Lp∗ (Rd) ≤ C ‖∇u‖Lp(Rd)

for some constant C and with p∗ = pd/(d− p) is greater than p.

2. Show using the Hardy-Littlewood-Sobolev inequality and the fundamen-
tal solution to the Poisson equation that a stronger inequality holds
without truncation.

Exercise 2 (Construction of weak solutions)

1. Check that for a solution f ∈ L1
x,v ∩ L∞x,v and a test function ϕ ∈ C1

c ,
the term ∫

Rd×Rd

(F [f ] · ϕ) f dx dv

does make sense.

2. Check that if ft is a weak solution on [0, T ] and ft is C1
t,x,v, then check

that ft is (the unique) strong (classical) solution.
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3. Prove that the mollified force F ε defined as the convolution of the force
by the approximation of the unit with parameter ε (which is fixed here)
satisfies for any s ∈ N

‖F ε[f ]‖W s,∞
x
≤ C(ε, s) ‖f‖L1

x,v

for some constant C(ε, s) depending on ε and s.

4. Deduce thanks to the Picard-Lindelöf theorem that such a force creates
global unique characteristics curves to

∂tX = V

∂tV = F (t,X)

X(0, x, v) = x

V (0, x, v) = v.

5. Check the regularity of the solution fk at each step of the iterative
scheme (and for a given ε).

6. Check that C0([0, T ], L1
x,v) endowed with the metric L∞([0, T ], L1

x,v) is
complete.

7. Then, denoting the limit of fk by f εt , we know that f εt ∈ C(+;L1
x,v) and

because we have bounds on fk in Cs ∩W s,p independent of k, check
that f εt is smooth. Finally, check that f εt is a weak solution and it is
smooth, inducing a smooth F ε[f ε]. Deduce uniqueness.

8. Redo the construction of weak solutions strategy for the relaxed as-
sumptions on fin:

fin ∈ L1
x,v ∩ L2

x,v,

∫ ∫
fin |v|2 < +∞,

∫
|F [f ]|2 < +∞.

First prove the following variant of the a priori estimates lemma:

‖ρt‖L7/5
x
≤ E(0)3/7 ‖fin‖4/7L2 , ‖jt‖L7/5

x
≤ E(0)5/7 ‖fin‖2/7L2

and deduce some Sobolev regularity estimate on F in t and x. Fi-
nally prove the compactness and passage to the limit ε → 0 in the
construction of weak solutions (check that all the other steps remain
unchanged).
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Exercise 3 (Propagation of moments and reg-

ularity)

Let us define the Marcinkiewicz space Lp,w (sometimes also denoted Mp)
with exponent p ∈ [1,+∞) on Rd as the set of measurable functions f such
that

∀ t ≥ 0, vol {x : |f(x)| > r} ≤ C

tp

for some constant C. The best such constant is denoted ‖f‖Lp,w (be careful
that it is not a norm).

1. Prove that Lp ⊂ Lp,w using Markov inequality.

2. Prove that Lp 6= Lp,w by considering the function x−p/d (the Marcinkiewicz
space is strictly larger than the usual Lebesgue space).

3. Prove that the triangular inequality is not satisfied for ‖ · ‖Lp,w by
considering the function 1/x and 1/(1− x).

4. Prove that instead the following inequality holds:

‖f + g‖p/(p+1)
Lp,w ≤ ‖f‖p/(p+1)

Lp,w + ‖g‖p/(p+1)
Lp,w .

5. Prove the following simplified Marcinkiewicz interpolation result∫
|fg| ≤ 2

(
p

p− 1

)1/p

‖f‖Lp,w ‖g‖1−1/pL1 ‖g‖1/pL∞ .

Hint. Decompose it into∫
|fg| dy =

∫
|y|>t

+

∫
|y|≤t

= I1 + I2.

Then bound from above I1 as

I1 ≤ ‖f‖pLp,w

(
p

p− 1

)
t−(p−1) ‖g‖L∞

by using the definition of Lp,w, then bound I2 from above as

I2 ≤ t ‖g‖L1 .

Finally conclude by optimizing t.
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6. Check the following Grönwall estimates for a given y ≥ 0.

(a) If y′ ≤ Cy then y(t) ≤ C ′eCt.

(b) If y′ ≤ Cyθ for θ < 1 y(t) ≤ Cta for some a.

(c) If y′ ≤ Cyθ for θ > 1, the estimates blow up, and we have no
information.

(d) If y′ ≤ Cy(1 + | log y|) then y ≤ CeC
′eC
′′t

. Notice that also the
following integral formulation implies the same result

y(t) ≤ y(0) + C

∫ t

0

y(s)(1 + | log y(s)|)ds

[ Hint: for (3), note that the integral∫
dy

y(1 + log y)

can be simplified by taking Y = log y].
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