
CHAPTER 1

Introduction

1. From ODE’s to PDE’s

Mathematically speaking, the key problem in Ordinary Differential Equa-
tions (ODE’s) is to “invert” a derivative process. The simplest case one can
think of is the first problem studied in differential calculus:

du

dt
= u�(t) = f(t) for u = u(t) and t ∈ I interval of R,

and it can be done with the fundamental theorem of calculus. One already
sees the importance of fixing some boundary conditions or (here simply)
initial condition, e.g. the value of u at t = t0 ∈ I.

A slightly more elaborated case corresponds to higher-order ODE’s in
implicit form, and it constitutes a first instance of a Cauchy problem:

F (x, u(t), u�(t), . . . , u(n)(t)) = 0 for u = u(t) and t ∈ I interval of R.
Where do these mathematical ODE’s come from? Expressing physical

laws through differential calculus, which goes back to Newton. This means
that the physical laws provide relations between infinitesimal changes in
time of mechanical quantities, resulting in some ODE’s. Differential calcu-
lus was inventing for this.

Now mathematically speaking, the key problem in Partial Differential
Equations (PDE’s) is still to “invert” some derivative process, but in the
more general situation where there are several (real most often) variables.
For example, we can study solutions to

F

�
x1, . . . , xk,

∂u

∂xi
, . . . ,

∂2u

∂xi∂xj
, . . .

�
= 0

for u = u(y1, . . . , yk) and y = (y1, . . . , yk) ∈ Ω ⊂ Rk. Often k = d + 1 with
y = (t, x) where there are d spatial variables, and one more variable for
time. In kinetic theory, we often take k = 2d+1 with y = (t, x, v), because
we consider both position and velocity to be variables, and have one more
for time.

Where do these mathematical PDE’s come from? Again this arises from
the approach of differential equations describing physical laws. However we
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shall describe the evolution of a whole field (mass, momentum, tempera-
ture) defined on the whole space (as in fluid mechanics) or a probability
defined on the whole phase space of position × velocities (as in kinetic the-
ory), resulting in some PDE’s. This goes back to Fourier, Euler, Navier,
Stokes, Maxwell, Boltzmann, Einstein, Schrödinger, Dirac, etc.

2. Methods for solving ODE’s

Let us do a few recalls on ODE’s. This is useful for several reasons:
there are common aspects in methods and intuitions, but also some ma-
jor differences; moreover the ODE’s is used a lot in the study of PDE’s
through the notion of trajectories (cf. the characteristics method, later in
this course).

The simplest example again

u�(t) = f(t).

Complemented with some initial data u(t0) = u0 ∈ R we obtain a Cauchy
problem.

Assuming enough regularity on f (e.g. f ∈ C0(I)), the general solution
is

u(t) = u(t0) +

ˆ t

t0

f(s)ds.

Observe that we have solved the following problems here:

(1) Show the existence of a C1 solution for any value of the initial
data.

(2) Show that this solution is unique (among C1 solutions) in terms
of the initial data chosen.

(3) Show that the solution continuously depends of the initial
data.

When we can prove all these three properties in some given space for a
Cauchy problem, we shall say that it is well-posed (in the sense of
Hadamard (in this very space). It is crucial to observe this notion depends
on the space we choose.

More generally, we can study the following vectorial nonlinear problem:

U �(t) = F (t, U)

for U : R → Rm and t ∈ I ⊂ R an open interval. The main tools at our
disposal are:

• Cauchy-Kovalevskaya: In the interior of A ⊂ I×Rm where F is
analytic, then we have existence and uniqueness of local solutions.
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However, we do not have global continuation of these solutions in
the region A, and as a result this is often not very helpful.

• Picard-Lindelöf: In the interior of L ⊂ I × Rm where F is Lip-
schitz in the second variable and continuous in the first, we have
existence of unique solutions in this space.

• Cauchy-Peano: In the interior of C where F is C0 we have exis-
tence of solutions, but not uniqueness.

Another important question is whether the time of existence of the solu-
tion is finite or infinite. In view of Picard-Lindelöf, a finite time of existence
implies getting out the L.

Looking at the above list of tools, one notices the following general
framework: the smaller the space, the less difficult it is to get uniqueness
and local existence, but you often pay the price in that getting global results
is often hard/impossible. On the other hand, the bigger the space, the less
difficult global existence is, but uniqueness is hard.

Another important point is that existence and uniqueness of smooth
solutions are often linked (in ODE/PDE).

Example/Exercise 1. For the no-uniqueness in Cauchy-Peano, show that
the initial value problem

u� =
√
u , t ∈ I, u(0) = 0

does not have a unique solution (hint: both u(x) = 0 and u(x) = 1
4x

2 are
solutions to this IVP).

Looks what means the question of finite time existence on the problem

u� = ±u2 , t ∈ I, u(0) = u0 > 0.

This is one hint that there might tricky issues with nonlinear (quadratic
say) PDE’s as well. But also that the exact structure might help.

3. PDEs as Infinite Dimensional ODEs

A reasonable question to ask is if we can study PDE’s as infinite di-
mensional ODE’s. That is, if we have a time variable t and consider the
following problem for u(t, y1, . . . , yk)

∂u

∂t
= G(u) := G

�
u,

∂u

∂yi
,

∂2u

∂yi∂yj
, . . .

�
.

First if we consider Cauchy-Kovaleskaya, there is a a PDE version
(mainly S. Kovaleskaya’s contribution in the theorem). However (1) it re-
quires analyticity of the function G, (2) it is local in nature, (3) it has some
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limitations of its own for PDE’s, namely G has to involve only derivatives
up to order 1: consider the following counter-example due to Kovalevskaya:

∂tu =
∂2u

∂x2
, u = u(t, x) with t ∈ R, x ∈ R

with the initial condition

u(0, x) =
1

1 + x2

and show that the unique entire series solving this equation is divergent for
any t > 0.

Second we look at the Picard-Lindelöf theorem, the situation looks bet-
ter. Moreover considering the proof, we see that all it relies on is fixed
point theorems, and should hold quite broadly in complete normed vector
spaces (or even more general manifolds. . . ). However, the bad news is that
to apply it, we need some boundedness of the operator G on this space,
and if G is some sort of differential operator, it will be unbounded on most
spaces one could think of. This is hint that (keeping in mind the ODE
example u� = ±u2) it is compulsory in PDE to exploit the exact structure:
which we generally call conservation laws (energy conservation, etc.), Lia-
punov (entropy) functionals, contraction properties, etc. This is in general
what we consider the stage of devising a priori estimates on a PDE, the
“a priori” meaning without still knowing if we can construct solutions, at
a pure algebraic level.

Note that there is some generalization of Picard-Lindelöf in PDE for
unbounded linear operators (Hille-Yoshida), but we will not discuss this
here. It relies crucially on (1) a dissipativity property, (2) the reduction to
the bounded case in order to use Picard-Lindelöf.

Finally we look at the Cauchy-Peano theorem. If one considers the
proof, it is in fact reminiscent of approximation-discretization proceedures
in PDE for constructing solutions, using crucially compactness arguments.
This is usually much more involved for PDE’s, but many important results
of existence of “weak” (as opposed to regular) solutions follows this rough
strategy.

4. Levels of Description and Kinetic Theory

In Kinetic Theory, the goal is to describe a gas, planetary ring, or plasma
(or even galaxies!). . . in general a many-particle (or many-body) system in
the limit that N (the number of particles) tends to infinity in a statistical
way. This sort of limit is referred to as a many-particle limit or thermody-
namical limit. There are three levels of description of this sort of system.
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4.1. Microscopic Viewpoint. The Newtonian mechanical viewpoint
takes each particle as a point in space and writes down the Newtonian
equations for the interactions and therefore forces between each of them.
This is already problematic for N = 3 (i.e. the 3-body problem), and we
are often interested in systems such as gases, with the Avogadro number
N ∼ 1023, the core of the sun, with N ∼ 1021 or the milky way galaxy, with
N ∼ 1011 stars. So, this viewpoint rapidly becomes all but impossible to
use.

4.2. Macroscopic Viewpoint. On the other hand, we can take a
cube in space, small enough to be small in relation to the entire system,
but large enough to consider as a unit (i.e. containing enough particles
to be treated statistically). We then could consider the conservations of
matter, momentum with the forces and acceleration of this unit. Doing so
leads to hydrodynamics and the Euler and Navier-Stokes equations.

4.3. Mesoscopic dynamics and Kinetic Theory. This is some-
where in between these two viewpoints. In this viewpoint, we consider
molecular interaction, but what is important is not which particle
does something, but how many particles do it. This allows us to use
statistical ideas, and is what we will study in this course.

Kinetic theory describes the “proportions” (i.e. distribution) of particles
in phase space of position and velocity.

The kinetic description is based mathematically on f = f(t, x, v), a t
dependent probability measure (although we will often most consider mea-
sures with a density according to the Lebesgue, that we shall still denote
by f !). Certainly f ≥ 0. We take t > 0, x ∈ Ω ⊂ R3 (a domain) and
v ∈ R3. [In general we will not restrict the domain to d = 3; even though
this is less physical it is useful for some symmetric situations with d = 2,
and it is both useful and interesting mathematically]. In general, f is not
not observable, but we have the following observable quantities for a fixed
x ∈ Ω:

macroscopic density ρ =

ˆ
f(t, x, v)dv(4.1)

mean velocity ρu =

ˆ
f(t, x, v)vdv(4.2)

temperature 3ρT =

ˆ
f(t, x, v)(v − u)2dv(4.3)

local entropy ρS = −
ˆ

f(t, x, v) log(f(t, x, v))dv(4.4)
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where in the temperature equation, u is the mean velocity defined in the
second line.

Maxwell and Boltzmann then write down the first equation of kinetic
theory, now called the Boltzmann equation

(4.5) ∂tf + v ·∇xf = Q(f, f)

where Q(f, f) is a bilinear integral operator acting only in the velocity
variable v, accounting for the collision process. We shall try to make sense
of the equation step by step along this course. It is interesting to note that
BE is compatible with conservation of energy and increasing entropy (i.e.
the 2nd law).

Boltzmann also defined the so-called “H-functional”

H(f) =

ˆ ˆ
f(t, x, v) log(f(t, x, v))dxdv

and his “H-theorem” says that H(f) decreases along solutions to BE. He
also noted that for a given x fixed, the maximizers of H(f) with the con-
straints

´
fdv = ρ,

´
fvdv = ρu and

´
f(u− v)2 = 3ρT is the gaussian

(4.6) f(v) =
ρ

(2πT )3/2
e−|v−u|2/2T

It is called a “local (Maxwellian) thermodynamic equation” (as a tribute
to the original paper of Maxwell 1867).

Remark 4.1. The other main equation of kinetic theory, the nonlinear
Vlasov equation, was derived in the 1930’s. We shall also study it in this
course. It is, on the contrary to the Boltzmann equation, a reversible equa-
tion, for which the entropy is constant.

4.4. Some historical perspectives. As an aside about the history
of these ideas: the atomic assumption is clearly central to kinetic theory.
The first breakthrough in kinetic theory was by Maxwell in 1867, where he
derived for the first time the equation (4.5) and computed the equilibrium
distribution (4.6), following the principle of equipartition of energy.

In his 1872’s famous paper, Boltzmann’s starting point is the 1867’s
paper of Maxwell: “it has not yet been proved that, for any initial state
of the gas, it must approach the limit distribution discovered by Maxwell”.
He identifies his “H-theorem” which says that the entropy increases along
solutions to BE. He also crucially defines the entropy as proportional to the
logarithm of the “volume” of all of the microstates associated with a given
macrostate (cf. the celebrated formula S = k logΩ written on his grave).
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Boltzmann’s theory was slow to be accepted, in part because the atomic
assumption was not yet accepted, and also because there were various para-
doxes inherent in the theory. Indeed it seems paradoxical that Newton’s
laws which are reversible can give rise to irreversible laws in the N → ∞
limit. For instance Poincaré’s recurrence theorem suggests that the solu-
tions should come back (as close as wanted) to its initial state, but with
entropy increasing, this clearly cannot be the case. All these questions are
still studied nowadays and they are related to the beautiful (and still un-
solved) Hilbert’s 6-th problem, that we shall maybe discuss later in the
course.

5. General bibliographical notes

5.1. Prerequisites. The important prerequisites are: ODE theory,
Measure theory, Lebesgue spaces and basics in functional analysis.
Useful but non compulsory previous knowledge: Sobolev spaces and Sobolev
inequalities; basics in PDEs; basics in semigroups theory.

Here are some references for the analysis tools used in this course (the
contents of these books is not a prerequisites of course!):

• Lieb-Loss “Analysis” [9].
• Brézis “Functional Analysis” [1].
• Rudin “Functional Analysis” [11].
• The Part III course of Ben Garling “Functional analysis”.
• Evans “PDE’s” [6].

5.2. Plan of the course.

• Chapter 2: Derivation of Kinetic Equations (still mostly formal)
• Chapter 3: Linear Vlasov (transport) equations
• Chapter 4: Linear Boltzmann equation
• Chapter 5: The Vlasov-Poisson system
Further Comments: mean-field limit and derivation of the equation,
Landau damping

• Chapter 6: The nonlinear Boltzmann equation
Further Comments: Trend to equilibrium (2d principle of thermo-
dynamics), Hilbert’s 6th problem (hydrodynamical limit, Boltzmann-
Grad limit)

5.3. Some introductory readings in Kinetic Theory.

• Cercignani “The Boltzmann equation and its applications” [3].
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• Dautray and Lions (J.-L.): “Mathematical analysis and numerical
methods for science and technology. Vol. 6. Evolution problems.
II.” [5].

• Cercignani, Illner, Pulvirenti “The mathematical theory of dilute
gases” [4].

• Glassey “The Cauchy problem in kinetic theory” [7].
• Villani “A review of mathematical topics in collisional kinetic the-
ory” [12].

5.4. Some complement readings.

• Lifshitz, Pitaevskii “Physical Kinetics (Course of Theoretical Physics
“Landau-Lifshitz”, vol. 10)” [10].

• Brilliantov, Pöschel “Kinetic theory of granular gases” [2].
• Golse “The Boltzmann equation and its hydrodynamic limits” [8].
• Golse and Allaire “Transport and diffusion” (graduate course, Ecole
Polytechnique, in french).


