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Abstract

This project is concerned with the existence and uniqueness of solutions for the initial

value problem for the equations of General Relativity in the absence of matter - the Vacuum

Einstein Equations. We discuss the geometric nature of these equations, and following the

approach of Mme Choquet-Bruhat in 1952, reduce them locally to a system of quasilinear

wave equations for which we prove local existence and uniqueness of solutions. We also prove

existence and uniqueness of maximal solutions.
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1 Introduction

General Relativity is a novel theory of gravitation proposed by Einstein in 1916, extending Ein-
stein’s earlier theory of Special Relativity (1905). It was the geometric interpretation of Special
Relativity by Minkowski in 1908 that held the key to developing the general theory, which is
inherently geometric [3].

General Relativity explains gravity as the two way coupling of matter/energy with the geometry
of spacetime. This idea was famously paraphrased by John Wheeler as

“Matter tells space how to curve. Space tells matter how to move.”

The Einstein equations

Rµν −
1
2
gµνR = 8πGTµν (1)

make this notion precise by relating Tµν , a quantity from physics describing the distribution of
matter and energy in space, to Rµν , an object from geometry that quantifies curvature.

In the absence of matter, i.e. Tµν = 0, these reduce to the vacuum Einstein equations

Rµν = 0, (2)

which are the subject of this report.
It should be noted that the absence of matter does not imply an absence of curvature. That is

to say, this project is not about taking 50 pages to say that flat spacetime is the unique solution
to the vacuum Einstein equations. Solutions to (2) are what is called Ricci flat, but this class
includes some highly exotic geometries, for example spacetimes describing black holes.

Despite the obvious importance of the Einstein equations, it wasn’t until 1952 that it was
established that an initial value problem is an appropriate and well-posed setting mathematically
[8]. The seminal paper is by Yvonne Choquet-Bruhat [1]. We follow her original approach to show
local existence and uniqueness for the case of a vacuum, using the textbooks [3], [9] and [8].

The problem of constructing global solutions is a bit subtle in general relativity, due to the
coordinate dependent nature of time. In particular, it does not make sense to talk about solutions
being “global in time”, since time is not uniquely defined. The notion of a maximal solution to
the initial value problem is an alternative. The existence of a maximal solution was first proved by
Choquet-Bruhat [2] in 1969. We give a comprehensive (and hopefully comprehensible) exposition
of this theory in the final section.
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In Section 2.1, we introduce the background theory for Riemannian and Lorentzian manifolds.
This is for the reader’s benefit (also the authors’ !), at least to set out the notation. There is also
some motivation and physical intuition for the Einstein equations given.

In section 3 we will discuss the geometric nature of the Einstein Equations, and the form of
the initial value problem in the General Relativity setting. In Section 4 we reduce the Vacuum
Einstein Equations locally to a system of quasilinear wave equations, by choosing the so-called
harmonic gauge.

In Section 5 we prove local existence and uniqueness of solutions to quasilinear wave equations.
In Section 6, we construct a four dimensional manifold that constitutes a global-in-space and local-
in-time solution to the vacuum Einstein equations. Finally, in Section 7 we prove existence and
uniqueness of a maximal solution to the equations.

2 Background on Riemannian and Lorentzian Manifolds

2.1 Fundamentals

Intuitively, an (n-dimensional) manifoldM is an object that looks like Rn locally. Mathematically,
it is a set M , together with a decomposition M = ∪i∈IUi and a set of maps φi : Ui → Ui ⊂ Rn

such that φ(Ui) = Ui is open for all i. In an abuse of notation, we will refer to both the manifold
M and the underlying set M with same symbol “M”, everywhere in the document except for this
section.

The Ui are called charts because they provide local coordinates (xi1, x
i
2, . . . , x

i
n) for Ui ⊂ M.

The collection of triplets (Ui, φi, Ui)i∈I make precise the sense in which each bit Ui of M “looks
like” Rn.

Typically1 (and for the purposes of this document) it is assumed that the setM comes equipped
with a topology, so that open sets are defined. One then demands that the sets Ui be open, and
the maps φi be homeomorphisms. For technical reasons it is also assumed that M as a topological
space is both Hausdorff and second countable.

We will be concerned only with smooth manifolds, that is manifolds for which the functions
φi ◦ φ−1

j : Rn → Rn (called transition functions) are C∞.
One way to generate examples of manifolds is to consider smooth, n-dimensional subspaces of

Rk, for some k > n. It is a theorem of Nash that every (Riemannian) manifold can be embedded
(by a map Φ : M → Rk) in this way, so this viewpoint leads to no loss of generality.

Each point p ∈ M comes equipped with a vector space TpM (read tangent space to M at p).
When M is embedded in Rk, this space is literally just the tangent hyperplane to the embedding
Φ(M) ⊂ Rk at the point Φ(p) ∈ Rk.

When M is not viewed as an embedding, the definition of TpM necessarily becomes more
abstract. We adopt the viewpoint that identifies vectors in TpM with the space of directional
derivatives on M at p (alternatives exist). This begs the question “what does it mean to differen-
tiate on a manifold?”, which we turn our attention to in the next three paragraphs.

Basically, we define differentiation by “passing the buck” to the coordinate charts {Ui}. Specif-
ically, we say that f : M → R is Ck at p ∈ Ui ⊂M if the composition f ◦ φ−1

i : Rn → R is Ck in
the usual sense. This definition is well defined (i.e. doesn’t depend on the choice of Ui) because
of our assumption that the transition maps φi ◦ φ−1

j are C∞.

1According to Tim there are alternatives.

3



We define the derivative itself in terms of its representation in a local chart. Specifically, for
f : M → R, we define ∂xk

f : M → R in local coordinates (Ui, φi, Ui) by

∂xk
f(p) =

∂

∂xk

(
f ◦ φ−1

i

) ∣∣
p
.

∂xk
(also called ∂k for brevity) itself we think of as living in the tangent space TM . Specifically,

for each p ∈ M and each Ui containing p, the local coordinates (xi1, x
i
2, . . . , x

i
n) induce a basis

{∂xi
1
|p, ∂xi

2
|p . . . , ∂xi

n
|p} spanning TpM that we call the coordinate basis.

The notion of distance on a manifold is encapsulated in the metric tensor g, which assigns
to each tangent space TpM an inner product gp : TpM × TpM → R. To see how this relates to
distance, recall the following formula for the Euclidean arc length of a curve γ : [a, b] → Rn:

L[γ] =
∫ b

a

√
γ′(t) · γ′(t)dt.

Similarly, we may write the length of γ : [a, b] →M by

L[γ] =
∫ b

a

√
gγ(t)(γ′(t), γ′(t))dt. (3)

Equation (3) defines a natural functional on the space of (smooth) curves in M . Critical points
of this functional are called geodesics. It is a central idea in general relativity is that particles
(including massless particles, such as photons) will travel along geodesics, in the absence of external
forces. Within this paradigm gravity is viewed not as a force, but rather the curvature of spacetime
influencing the shape of geodesics. Newton’s “one over r squared” force law

~x′′(t) = − GM

||~x||2
~x

||~x||

is thus replaced with the Euler-Lagrange equations

∂L
∂x

=
d

dτ

∂L
∂ẋ

, (4)

where
L =

√
gx(ẋ, ẋ).

The distinction between Riemannian and Lorentzian manifolds amounts arises out of differences
in the properties of the metric tensor. When M arises as an embedding in Rk, the metric g is just
the restriction of the Euclidean inner product to M . As such it inherits all the usual properties
of the inner product, most notably positive definiteness, that is

gp(X,X) ≥ 0 for all p ∈M,X ∈ TpM, with equality iff X = 0. (5)

Since all Riemannian manifolds can be realized as imbeddings of this form, (5) holds for all
Riemannian manifolds.

It is elementary to show that the positive definiteness requirement (5) holds iff the metric gp
has strictly positive eigenvalues at each p ∈ M . Lorentzian manifolds come into being when we
modify this condition and instead require that the metric gp be a symmetric n × n matrix with
n−1 strictly positive eigenvalues and 1 strictly negative eigenvalue, for each p ∈M . Equivalently,
we may define a Lorentzian matrix to be one with eigenvalues of this form and then define a
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Lorentzian manifold to be a smooth manifold such that metric gp is a Lorentzian matrix for each
p ∈M .

We restrict our attention to Lorentzian manifolds of dimension n = 4, since this is the case
relevant to general relativity.

Such Lorentzian manifolds arise naturally as a generalization of the flat (also called Minkowski)
spacetime of quadruplets (t, x, y, z) one encounters in Special Relativity. Minkowski space comes
equipped with a distance function

d((t, x, y, z), (t′, x′, y′, z′))2 = −(t− t′)2 + (x− x′)2 + (y − y′)2 + (z − z′)2 (6)

which one can think of as being induced by a metric tensor g which is everywhere equal to the
4× 4 diagonal matrix 

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (7)

Motivation for (6) arises out of the requirement that physical laws be “coordinate invariant” in a
suitable sense; a detailed exposition is beyond the scope of this report.

Just as a Riemannian manifold is something that locally looks like Rn, Lorentzian manifolds
“look like” Minkowski spacetime locally. In particular, for any fixed p ∈ M it is possible (by
diagonalizing and rescaling) to find a basis (e0, e1, e2, e3) for the tangent space TpM such that the
components of gp are given by (7) with respect to this basis. One should think of the vector e0 as
defining a local time direction, while the vectors {ei}3i=1 are the local space directions.

The remainder of this section is concerned with introducing some terminology for Lorentzian
manifolds.

A vector X ∈ TpM will be called (timelike, spacelike, null) if gp(X,X) is (< 0, > 0, =
0). A curve γ : [a, b] → M is called (timelike, spacelike, null) if its tangent vector γ′(λ) is
(timelike,spacelike,null) for all λ ∈ [a, b]. It is clear that the local time direction e0 is timelike
according to this definition, whereas the space directions e1, e2, e3 are spacelike.

One of the (famous) laws of relativity is that nothing can travel faster than light. This condi-
tion manifests itself in the present framework as the requirement that all curves corresponding to
trajectories of matter must be timelike or null. particles with mass travel along timelike curves,
whereas massless particles (most notably light, but also gravitons) travel along null curves. These
restrictions lead to the idea of a light cone or domain of dependence of a point p ∈M . Mathemat-
ically, we define

J(p) = {q ∈M : there exists a timelike or null curve from p to q in M}.

J(p) will play an important role when we discuss the hyperbolicity of the Einstein equations.

2.2 Tensors, index raising and lowering, and implied summation

Subscripts are ubiquitous in differential geometry, and can be frightening to novices (e.g. Rαβγδ).
In this section we outline some conventions, and introduce tensors.

It is a convention in differential geometry that basis vectors be written with subscripts (e.g.
eα) whereas components of vectors are written with superscripts (e.g. Xα). Thus, a vector X is
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written as
X =

∑
α

Xαeα.

Only, this isn’t true. It isn’t true because there is another convention that whenever a index
appears as both a subscript and superscript in the same expression, there is an implied summation
over its values. So, a vector X is actually written as

X = Xαeα.

The convention for covectors is exactly opposite - basis covectors are written as eα, components
are written Xα, so that a generic co-vector X may be written

X = Xαe
α.

There is natural isomorphism between vectors and co-vectors, whereby the vector X ∈ TM gets
mapped to the linear map X∗ = g(X, ·) ∈ TM∗. It is convenient to think of X∗ as X with its
“indices lowered”. The index lowering is accomplished by “contracting” with the metric, that is

Xα = gαβX
β (8)

By convention, the components of the inverse metric are written with raised indices as gαβ . This
is convenient in part because it allows us to write down a similar expression to (8) for transforming
covectors into vectors:

Xα = gαβXβ (9)

This is called “index raising”.
Just as the metric is a multilinear function that takes two vectors and outputs a number,

we define a tensor of type
(
n
k

)
to be a multilinear map taking in n co-vectors and m vectors to

produce a number. Equivalently, one may think of an
(
n
k

)
-tensor as a multilinear map taking in

k vectors and producing an
(
n
0

)
tensor. Within this framework vectors are

(
1
0

)
-tensors, co-vectors

are
(
0
1

)
-tensors, and the metric is a

(
0
2

)
-tensor. In the next section we will meet the Riemann

Curvature tensor of type
(
1
3

)
.

Just as vectors may be transformed into co-vectors via contraction with the metric, we may
use the metric to transform any tensor of type

(
n
k

)
into any other tensor of type

(
n′

k′

)
for which

n+ k = n′ + k′. For example:

Rαβγδ = gαµRµβγδ = gβµR
αµ
γδ .

We think of Rαβγδ, Rµβγδ, R
αµ
γδ as being the same object, but with indices shuffled between upstairs

and downstairs.
We conclude this section by noting a convention specific to Relativity. Unlike Riemannian

geometry where “all directions are created equal”, in the Lorentzian case there is a natural di-
chotomy between time and space. This is reflected in the convention that the e0 direction always
refers to time whereas e1, e2, e3 refer to space. Indices taking values in the spatial coordinates
{1, 2, 3} are denoted with Roman letters (e.g. i,j,k,l) whereas indices taking values in {0, 1, 2, 3}
are denoted with Greek letters (e.g. α, β, µ, ν).
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2.3 The Covariant Derivative

In this section we extend the notion of differentiation, defined for scalar valued functions in the
previous section, to vector valued and more generally tensor valued functions.

We begin with the former. To be precise, we are looking for a function ∇ that takes two vector
fields X,Y ∈ TM and returns ∇XY ∈ TM , the directional derivative of Y in the direction X. ∇
is referred to as a “the covariant derivative” and sometimes the “connection”. For scalar valued
functions, we simply have ∇Xf = X(f).

We do this in a bit of a roundabout way. First, expanding X and Y in a coordinate basis {eα},
we have

∇XY = ∇Xαeα
Y βeβ

= Xα∇eα
Y βeβ

= Xα

(
∂Y β

∂xα
eβ + Y β∇eα

eβ

)

Since ∇eα
eβ ∈ TM , we can write

∇eα
eβ = Γµαβeµ (10)

for some functions Γµαβ , called the Christoffel symbols.
We conclude

∇XY = Xα

(
∂Y β

∂xα
eβ + Y βΓµαβeµ

)
, (11)

in other words, to define ∇ it suffices to define the Christoffel symbols.
It turns out that we can determine the Christoffel symbols uniquely based on two additional

properties we would like the connection ∇ to have. The first, called compatibility with the metric,
essentially says that ∇ interacts with the inner product g in the way we are used to from Euclidean
space:

∇Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ). (12)

The second arises from what is called the torsion tensor, defined by

T (X,Y ) = ∇XY −∇YX − [X,Y ], (13)

where [X,Y ] is the commutator of X,Y (remember, vectors are differential operators). In differ-
ential geometry lingo, [X,Y ] is also called the Lie bracket or Lie derivative.

We will see shortly that (12) combined with the condition T ≡ 0 determines the connection ∇
uniquely (in this case ∇ is called is the Levi-Civita connection). Motivation for the choice T ≡ 0
is beyond the scope of this report.

First we note that, for the case T ≡ 0, we clearly have the identity

[X,Y ] = ∇XY −∇YX (14)

A useful corollary is the following commutativity relation, valid for coordinate basis vectors,
which follows from the commutativity of partial derivatives:

∇eα
eβ −∇eβ

eα = [∂α, ∂β ] = ∂α∂β − ∂β∂α = 0. (15)
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We are now ready to derive a formula for the Christoffel symbols. First, from (12), we have

∂gαβ
∂xµ

= g(∇eµeα, eβ) + g(eα,∇eµeβ),

∂gβµ
∂xα

= g(∇eα
eβ , eµ) + g(eβ ,∇eα

eµ),

∂gµα
∂xβ

= g(∇eβ
eµ, eα) + g(eµ,∇eβ

eα).

Taking an appropriate linear combination and applying (15)

∂gαβ
∂xµ

+
∂gβµ
∂xα

− ∂gµα
∂xβ

= g([eµ, eβ ], eα) + g([eα, eβ ], eµ) + 2g(∇eα
eµ, eβ)

= 2g(∇eα
eµ, eβ)

= 2Γναµgνβ

Multiplying through by the inverse metric gγβ , we conclude

Γγαµ =
1
2
gγβ

(
∂gαβ
∂xµ

+
∂gβµ
∂xα

− ∂gµα
∂xβ

)
(16)

Having defined ∇ for vectors, it turns out to be not much more work to generalize to arbitrary
tensors of type

(
n
k

)
.

We begin by defining the covariant derivative of a covector ω. Since we know there is a
corresponding vector Z such that ω(·) = g(Z, ·), this amounts to an application of the compatibility
criterion (12)

∇X(ω(Y )) = ∇Xg(Z, Y ) = g(∇XZ, Y )︸ ︷︷ ︸
≡(∇Xω)(Y )

+ g(Z,∇XY )︸ ︷︷ ︸
=ω(∇XY )

.

which implies
(∇Xω)(Y ) = X(ω(Y ))− ω(∇XY ). (17)

To extend to arbitrary tensors, we note that any such tensor can be written as a tensor product
of vectors and co-vectors. Then, we define the covariant derivative by the product rule

∇X(A⊗B) = (∇XA)⊗B +A⊗ (∇XB). (18)

Although (18) may be used to derive a fully general formula for ∇ applied to a general
(
n
k

)
tensor, for our purposes it suffices to consider the case of a

(
0
2

)
-tensor (bilinear form). In this case,

one obtains
(∇XT )(Y, Z) = X(T (Y, Z))− T (∇XY, Z)− T (Y,∇XZ) (19)

Proof. For simplicity, we assume T = ω1⊗ω2, for some pair of co-vectors ω1, ω2. The general case
is analogous.

This amounts to a computation:
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(∇XT )(Y,Z) = (∇X(ω1 ⊗ ω2))(Y, Z)

= ((∇Xω1)⊗ ω2)(Y, Z) + (ω1 ⊗ (∇Xω2))(Y,Z)

= (∇Xω1)(Y )ω2(Z) + ω1(Y )(∇Xω2)(Z)

= X(ω1(Y ))ω2(Z)− ω1(∇XY )ω2(Z) + ω1(Y )X(ω2(Z))− ω1(Z)ω2(∇XZ)

= X(ω1(Y )ω2(Z))− ω1(∇XY )ω2(Z)− ω1(Y )ω2(∇XZ)

= X(ω1 ⊗ ω2)(Y, Z)− (ω1 ⊗ ω2)(∇XY,Z)− (ω1 ⊗ ω2)(Y,∇XZ)

= X(T (Y,Z))− T (∇XY Z)− T (Y,∇XZ).

An analogous expression may be obtained in the general case.

2.4 Curvature

We define the Riemann Curvature Tensor R(X,Y )Z : TM × TM × TM → TM in terms of the
covariant derivative as the

(
1
3

)
-tensor

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z (20)

A derivation of (20) is beyond the scope of this report. As way of motivation, we note (but do
not prove) that R(X,Y )Z = 0 identically on M if and only if M is isometric to flat space(time).

Is is common to see the curvature tensor expressed in terms of indices. This representation is
obtained via the identification

Rαβµν = g(R(eβ , eµ)eν , eα) (21)

Starting from (20), it can be shown that the Riemann curvature obeys a number of identities.
For our purposes the most important are the symmetry relations under exchange of indices

Rαβµν = −Rβαµν = −Rαβνµ (22)

which follow trivially from (20), and the differential Bianchi Identity (referred as just the “Bianchi
Identity” hereafter for simplicity)

∇W g(R(X,Y )Z, V ) +∇Zg(R(X,Y )V,W ) +∇V g(R(X,Y )W,V ) = 0 (23)

which is not so trivial and we choose not to prove (see [5] for a proof).
From the Riemann curvature two more curvature related objects may be derived, by contracting

with the metric. These are the Ricci curvature tensor

Rαβ = Rµαµβ (24)

and the scalar curvature
R = Rαα.

Both of these object play a fundamental role in the Einstein equation, described in the next
section.
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From the Bianchi identity (23) one may derive the twice contracted (or just “contracted”)
Bianchi identity

∇ν(Rµν +
1
2
Rgµν) = 0, (25)

an important equation in the motivation for the Einstein equations which we also use in section 4
in deriving the reduced Einstein equations.

2.5 Motivation for the Einstein Equation

In this brief section we present a bit of intuition for the (potentially strange looking) Einstein
Equation (1). We would like to stress that this interpretation is completely unoriginal, and can
be found in (for example) [4].

General Relativity is a theory that explains gravity as the two way coupling of matter/energy
with the geometry of spacetime. Qualitatively speaking, we have the following:

• The geometry (or curvature) of spacetime is determined by the matter and energy within it.

• The behavior of matter and energy in spacetime is determined by the geometry.

We need to turn the above idea into an equation. To do so, we adopt the following strategy:

• Find a thing from physics that quantifies the distribution of matter and energy in spacetime.

• Set it equal to a thing from geometry which quantifies curvature.

This simple strategy turns out to more or less uniquely determine the Einstein Equations.
The relevant quantity from physics turns out to be the 4× 4 stress-energy tensor Tµν . As this

is not a physics paper, we will say nothing more about it.
Now we need a corresponding quantity from geometry encapsulating curvature. The Riemann

curvature tensor (20) naturally comes to mind, but it has too many indices. Choosing instead the
Ricci curvature Rµν (24), and postulating

Rµν =︸︷︷︸
?

Tµν , (26)

we now at least have an equation with the same number of indices on the left and right hand sides.
However it is an identity in physics that the RHS Tµν obeys the relation ∇νTµν = 0. On the

other hand for the LHS we have ∇νRµν 6= 0 in general.
At this point the contracted Bianchi identity (25) comes to the rescue. We tweak the LHS of

(26) and overcome this particular hurdle by proposing

Rµν −
1
2
gµνR =︸︷︷︸

?

Tµν . (27)

But this still isn’t quite right - we are missing a constant of proportionality. To find it, we demand
that the Einstein Equations agree with Newtonian gravity in the limit of small masses and low
speeds. This fixes the constant at 8πG, where G = 6.67 × 10−11m3kg−1s−2 is the gravitational
constant from Newton’s theory.

Substituting into (27) we recover the Einstein Equation

Rµν −
1
2
gµνR = 8πGTµν .
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3 The Initial Value Problem

The initial value problem in general relativity is a little different from what you might be used to.
The standard (scalar) second order IVP on Rn features a Cauchy hypersurface Γ ⊂ Rn on

which a function u and its normal derivative Dnu are specified. The goal is to extend u to all of
Rn in such a way that a set of partial differential equations Lu = f are satisfied.

In General Relativity, Rn is replaced by a 4-dimensional Lorentzian manifold M and Γ is
replaced by a three dimensional Riemannian manifold M̄ . M̄ comes equipped with a 3× 3 metric
tensor ḡij (playing the role of u), which we would like to “extend” to all of M in such a way that
the Einstein equation (1) holds.

The key difference is that the manifold M is not known a priori, but rather is constructed as
part of the solution. In fact, a full solution to the Einstein equations consists of a triplet (M, g,Φ),
where

• M is a 4-dimensional Lorentzian manifold with Ricci Curvature obeying the Einstein equa-
tion (1).

• Φ : M̄ → Σ0 ⊂ M is an embedding taking M̄ to a suitable 3-dimensional spacelike hyper-
surface in M .

• g is the metric of M , such that the pullback of g by Φ is equal to ḡ;2 i.e.

Φ∗g = ḡ. (28)

To obtain a unique solution, one more piece of data is required in addition to (M̄, ḡ). This is the
second fundamental form k of M̄ . It’s role is analogous to that of the normal derivative in the
Cauchy problem. Intuitively, one can think of k as describing how Σ0 is “bent” inside M . Thus,
unlike the metric g which is intrinsic to M̄ , k depends on the embedding into the ambient space.
A mathematical derivation of the second fundamental form can be found in section 8.

Thus, just as a solution to the Einstein equations consists of three parts (M, g,Φ), the initial
data also consists of three parts, namely (M̄, ḡ, k).

In this project, we prove existence and uniqueness for the above problem in the vacuum case
(2). We will see that not every triplet (M̄, ḡ, k) leads to a solution - the data itself must obey
additional constraint equations in order to be viable. These will be derived in section 4.3.2.

4 Reduction to Quasilinear Wave Equations via Harmonic

Gauge

One of the challenges in GR is the algebraic complexity of the govering equations. Since this
depends on the choice of local coordinates, it can be highly beneficial to find coordinates that
minimize complexity, or make the equations “nice” in some way. The purpose of this section is to
do just this by finding a system of coordinates for which the vacuum Einstein equations reduce to
something more manageable - a system of quasilinear wave equations.

2Intuitively, one can often get away with thinking of M̄ and Σ0 as being the same thing, and can think of this

condition as saying that g and ḡ agree when restricted to vectors in the tangent space to M̄ .
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In an arbitrary system of local coordinates, the vacuum Einstein equations are

0 = Rµν = ∂αΓαµν − ∂νΓαµα + ΓαβαΓβµν − ΓαβνΓ
β
µα.

where Γµαβ = 1
2g
µν(∂αgβν + ∂βgαν − ∂νgαβ) are the Christoffel symbols derived in section 2.3.

From a PDEs perspective, the main barrier to understanding the Cauchy Problem for these
equations is the complexity of the principal part, which works out to

P.P.(Rµν) =
1
2
gαβ(∂µ∂αgβν + ∂ν∂αgβµ − ∂µ∂νgαβ − ∂α∂βgµν). (29)

On the other hand, I claim that the fourth term by itself, i.e. −0.5gαβ∂α∂βgµν , is a quasilinear
wave equation in the metric coefficient gµν . This follows from the definition of the wave equation
on a Lorentzian manifold, namely

�gu = gµν
(

∂2u

∂xµ∂xν
− Γαµν

∂u

∂xα

)
= 0. (30)

This being the case, the study of the above equations would be greatly simplified if by some
miracle we could make the first three terms of (29) go away. I claim such a miracle exists, and it
is called Harmonic Gauge.

4.1 Harmonic Gauge: The Idea

Suppose we are given the manifold M , and suppose we choose coordinates x such that each of the
coordinate functions xβ satisfies the wave equation (30); that is, such that

0 = gµν
(

∂2xβ

∂xµ∂xν
− Γαµν

∂xβ

∂xα

)
.

Since
∂2xβ

∂xµ∂xν
= ∂µδ

β
ν = 0

this reduces to

0 = gµνΓαµν
∂xβ

∂xα
= gµνΓαµνδ

β
α = gµνΓβµν .

Now we turn things around and define a system of local coordinates to be harmonic iff

Γα ≡ gµνΓαµν = 0.

Then, defining Γα as you’d expect by index lowering in the usual way (i.e. Γα = gαβΓβ) one finds,
after lengthy algebra, the following surprisingly simple expression:

Γµ = gαβ∂αgβµ −
1
2
gαβ∂µgαβ .

Now, since Γµ = 0 in harmonic coordinates, Γµ = 0 too and so does any linear combination of
its partial derivatives. The promised miracle occurs when we note that the linear combination
1
2∂µΓν + 1

2∂νΓµ has as its principal part precisely the three “problem terms” in the Einstein
equations, namely

P.P.(
1
2
∂µΓν +

1
2
∂νΓµ) =

1
2
gαβ(∂µ∂αgβν + ∂ν∂αgβµ − ∂µ∂νgαβ).

It follows that these terms drop out of P.P.(Rµν) in a harmonic system of coordinates, so that the
Einstein equations reduce to quasilinear wave equations as promised.

12



4.2 Construction of Harmonic Gauge and the Reduced Einstein Equa-

tions

Based on the preceding section, it might seem that we are done. However, things are actually
more subtle.

The trouble with the preceding argument is that it assumes we are given M a priori, which we
are not. In fact, all the previous argument shows is that if we already have a solution to (2), then
we can make a change of coordinates to show that our solution also solves a system of quasilinear
waves equations. But we have not actually proved that M exists.

To do things properly, we have to construct M “as we go”, essentially by stitching together
local solutions. As this can get a little technical, it is helpful to outline a “plan of attack”.

Battle Plan:

• Motivated by section 4.1, first define the Reduced Einstein Equations

Hµν = 0 (31)

where
Hµν = Rµν −

1
2
Sµν

and
Sµν = ∂µΓν + ∂νΓµ. (32)

By construction, P.P.(Hµν) consists of (29) with the problem terms removed.

• The initial manifold M̄ consists of coordinate charts (Ūi, φ̄i, Ūi). For each such Ūi, solve the
reduced equations (31) on R × Ūi ⊂ R4. This amounts to solving a system of quasilinear
wave equations on R1+3; the existence and uniqueness on a subset [0, Ti]× Ūi will be proven
in section 5. One should think of [0, Ti]× Ūi as being a patch Ui of the (as of yet unknown)
manifold M . The Cauchy hypersurface Σ0 is then given (in local coordinates) by {0} × Ūi

and the embedding Φ is defined (also locally) by Φ : (x, y, z) ∈ Ūi → (0, x, y, z) ∈ {0} × Ūi.

• Still working in the local chart Ūi, show that the solution to the reduced equations is also a
solution to the full equations.

The solution to the reduced equations is 4× 4 Lorentzian matrix valued function gi defined
on [0, Ti]× Ūi, obeying gi|{0}×Ūi

= g0, ∂tgi|{0}×Ūi
= v0.

To show that gi solves the unreduced equations (2) amounts to proving that Γµ(gi) vanishes
on [0, Ti]× Ūi. This is addressed in the next bulletin.

• Prove that Γµ obeys a homogeneous linear wave equation on [0, Ti]× Ūi. It follows that Γµ
is identically 0 if and only if

Γµ|{0}×Ūi
= 0, (33)

∂tΓµ|{0}×Ūi
= 0. (34)

• Choose the initial data (g0, v0) for the reduced equations in order to accomplish two objec-
tives:

1. Consistency with the initial data to the unreduced equations, i.e.
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i. Φ∗gi|{0}×Ūi
= ḡ|Ūi

ii. k is the second fundamental form of M̄ ⊂ M , at least on the local coordinate
chart Ui = [0, Ti]× Ūi of M .

2. The solution to the reduced equations is also a solution to the unreduced equations,
i.e. the conditions (33), (34) hold.

These two conditions turn out to overdetermine the reduced initial data, in other words it is
not always possible to satisfy them both. We will see that for things to work, the initial data
(M̄, ḡ, k) to the unreduced equations must obey additional constraint equations (derived in
section 4.3.2).

• Stitch together the patches Ui = [0, Ti]× Ūi into a manifold M ⊃ M̄ , and the local solutions
gi into a metric g. This is described in section 6.

4.2.1 Proving that Γµ obeys a wave equation

Let us suppose we have a local solution to the reduced equations Hµν = 0, in other words Rµν =
Sµν on [0, Ti]× Ūi ⊂ R4.

Defining

R̂µν ≡ Rµν −
1
2
gµνR

and
Ŝµν ≡ Sµν −

1
2
gµνS (35)

where S ≡ Sµµ = gµνSµν is the trace of Sµν , we clearly have

R̂µν = Ŝµν .

The left hand side of our equation obeys the contracted Bianchi identity (25)

∇νR̂µν = 0

(this holds on any manifold, it has nothing to do with the problem at hand), and hence the right
hand side obeys

∇ν Ŝµν = 0. (36)

It may not look like it but I claim (36) is a wave equation. To see this, we first obtain a formula
for Ŝµν using (32) and (35):

Ŝµν = ∂µΓν + ∂νΓµ −
1
2
gµνg

αβ(∂αΓβ + ∂βΓα) (37)

= ∂µΓν + ∂νΓµ −
1
2
gµν(∂αΓα + ∂βΓβ) (38)

= ∂µΓν + ∂νΓµ − gµν∂
λΓλ. (39)

Substituting into (36) we then obtain

0 = ∇ν Ŝµν
= ∂ν∂µΓν + ∂ν∂νΓµ − ∂ν(gµν∂λΓλ)

= ∂µ∂
νΓν + ∂ν∂νΓµ − gµν∂

ν∂λΓλ − ∂ν(gµν)∂λΓλ

= ∂µ∂
νΓν + ∂ν∂νΓµ − ∂µ∂

λΓλ − ∂ν(gµν)∂λΓλ

= ∂ν∂νΓµ − ∂ν(gµν)∂λΓλ
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It follows that
P.P.(∇νSµν) = ∂β∂βΓµ = gαβ∂α∂βΓµ.

4.3 Ensuring consistency with the provided metric ḡ and second funda-

mental form k

Let’s suppose we have our solution gi on the patch Ui = [0, Ti]× Ūi ⊂ R4, which we are thinking
of as being a chart on the (to be constructed) manifold M . The embedding Φ of M̄ into the
(hypothetical) manifold M is then given in local coordinates by

Φ : (x, y, z) ∈ Ūi → (0, x, y, z) ∈ {0} × Ūi.

The requirement Φ∗(gi|{0}×Ūi
) = ḡ becomes

Φ∗(gi|{0}×Ūi
) = Φ∗


gi00 gi01 gi02 gi03
gi10 gi11 gi12 gi13
gi20 gi21 gi22 gi23
gi30 gi31 gi32 gi33

 =

 gi11 gi12 gi13
gi21 gi22 gi23
gi31 gi32 gi33

 =

 ḡ11 ḡ12 ḡ13

ḡ21 ḡ22 ḡ23

ḡ31 ḡ32 ḡ33

 = ḡ.

In other words, ḡ determines the lower right 3 × 3 block of the initial data g0 = gi|{0}×Ūi
. The

time-time component g00 and cross terms g0i are then determined by demanding that the time
direction e0 be orthogonal to the initial spacelike hypersurface Σ0, that is

gi00 gi01 gi02 gi03
gi10 gi11 gi12 gi13
gi20 gi21 gi22 gi23
gi30 gi31 gi32 gi33

 =


−1 0 0 0
0 ḡ11 ḡ12 ḡ13

0 ḡ21 ḡ22 ḡ23

0 ḡ31 ḡ32 ḡ33

 . (40)

To ensure that k is the second fundamental form of Σ0, we perform a short calculation. A
key tool is the commutation identity (15) valid for coordinate basis vectors under the Levi-Civita
connection ∇.

kij = k(ei, ej)

= −1
2

[
g(ei,∇eje0) + g(ej ,∇eie0)

]
by (103)

= −1
2

[g(ei,∇e0ej) + g(ej ,∇e0ei)]

= −1
2
∇e0gij

Hence, the (unreduced) initial data k will be the second fundamental form of Σ0 iff the (reduced)
initial data (∂tgi)|{0}×Ūi

obeys

(∂tgi)|{0}×Ūi
=


? ? ? ?
? −2k11 −2k12 −2k13

? −2k21 −2k22 −2k23

? −2k31 −2k32 −2k33

 .
Where “?” denotes an entry that (at this stage) can be anything.

In the next section we will use up our remaining degrees of freedom in satisfying the constraint
that Γµ must vanish on the initial hypersurface Σ0. With nothing left to ensure that ∂0Γµ vanishes,
in section 4.3.2 we will instead derive constraint equations that must be obeyed in addition to (2).
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4.3.1 Choosing ∂0g00|Σ0 , ∂0g0k|Σ0 so that Γµ|Σ0 = 0

Although we still work in the local coordinate patch [0, Ti]× Ūi, for simplicity we refer to things
as being evaluated on the hypersurface Σ0, rather than {0} × Ūi.

Recalling the convention that Greek indices (e.g. α) vary over (0, 1, 2, 3) whereas Roman indices
(e.g. i) vary over (1, 2, 3), we have

Γµ = gαβ∂αgβµ −
1
2
gαβ∂µgαβ

= g00∂0g0µ + g0i∂0giµ + gi0∂ig0µ −
1
2
g00∂µg00 − gi0∂µgi0 + gij∂igjµ −

1
2
gij∂µgij

Now, assuming everything is inside Σ0 we know (40) that the cross terms g0i, g0i vanish while
g00 = g00 = −1 and we obtain

0 = Γµ|Σ0 = −∂0g0µ|Σ0 +
1
2
∂µg00|Σ0 + ḡij∂igjµ|Σ0 −

1
2
ḡij∂µgij |Σ0 (41)

When µ = 0 this becomes

0 = −1
2
∂0g00|Σ0 −

1
2
ḡij∂0gij |Σ0

= −1
2
∂0g00|Σ0 + ḡijkij

= −1
2
∂0g00|Σ0 + tr(k),

On the other hand, for µ = ` = 1, 2, 3, we obtain

0 = −∂0g0` + ḡij∂iḡj` −
1
2
ḡij∂`ḡij

= −∂0g0` + Γ̄`

It follows that Γµ|Σ0 = 0 for all µ = 0, 1, 2, 3 iff

∂0g00|Σ0 = 2tr(k) and ∂0g0i = Γ̄i for i = 1, 2, 3.

(∂tgi)|{0}×Ūi
=


2tr(k) Γ̄1 Γ̄2 Γ̄3

Γ̄1 −2k11 −2k12 −2k13

Γ̄2 −2k21 −2k22 −2k23

Γ̄3 −2k31 −2k32 −2k33

 .
where

Γ̄` = ḡjk∂j ḡkl −
1
2
ḡjk∂`ḡjk.

4.3.2 Derivation of the Constraint Equations from the condition ∂0Γµ|Σ0 = 0

The first step is to prove that desired result (34) holds iff the cross terms R̂00 and R̂0i of the
Einstein equations (2) vanish on the initial hypersurface Σ0. To do so, it is helpful to make note
of the identity

∂iΓµ|Σ0 = 0 for all µ = 0, 1, 2, 3 and i = 1, 2, 3. (42)

This follows from the fact that (as proven in the previous section) Γµ ≡ 0 on the hypersurface Σ0.
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Lemma 4.1. A local solution to the reduced Einstein equations Hµν = 0 is also a local solution
to the Einstein equations Rµν = 0 only if the constraint equations

R̂00|Σ0 = 0, R̂0i|Σ0 = 0

are satisfied.

Proof. This amounts to a computation. Note that since 0 = Hµν = Rµν − 1
2Sµν by (35), (39) we

have

R̂0i|Σ0 =
1
2
Ŝ0i|Σ0

=
1
2
(∂0Γi + ∂iΓ0 − g0i∂

αΓα)|Σ0

=
1
2
(∂0Γi + 0− 0)|Σ0 (by (42) and (40))

=
1
2
∂0Γi|Σ0

Next,

R̂00|Σ0 =
1
2
Ŝ00|Σ0

=
1
2
(2∂0Γ0 − g00∂

αΓα)|Σ0

=
1
2
(2∂0Γ0 + gαβ∂βΓα)|Σ0

=
1
2
(2∂0Γ0 + g00∂0Γ0)|Σ0 (by (42) and (40))

=
1
2
∂0Γ0.

Lemma 4.1 expresses the constaint equations in terms of quantities related to the manifold
M , namely the components of the Ricci Curvature tensor Rµν evaluated on the hypersurface Σ0.
This is not the most convenient state of affairs, as it does not enable us to know apriori from the
initial data (ḡ, M̄ , k) whether a solution exists.

The remainder of this section is devoted to rewriting the constraint equations in terms of
quantities known at the outset, namely the initial manifold M̄ , its metric ḡ and second fundamental
form k. The key tools are the Gauss and Codazzi equations, which provide a relationship between
the curvature tensor on a manifold M and that of an imbedded submanifold M̄ ⊂ M . These
equations are derived in section 8. Here we simply quote them, in component form:

Gauss Equation: Rijmn = R̄ijmn − kjmkin + kimkjn for all i, j,m, n = 1, 2, 3.
Codazzi Equation: Rijm0 = ∇̄ikjm + ∇̄jkim for all i, j,m = 1, 2, 3.

Theorem 4.1. A local solution to the reduced Einstein equations Hµν = 0 is also a local solution
to the Einstein equations Rµν = 0 only if the constraint equations

∇̄ikij − ∂jtr(k) = 0

R̄− |k|2 + (trk)2

are satisfied.
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Proof. We will be able to derive an expression for R̂00|Σ0 using the Gauss equations, whereas
the expression for R̂0i|Σ0 will come from the Codazzi equation. From here on we assume all
compuations take place inside Σ0, but drop the “|Σ0”s for convenience. Note that in this case
raising or lowering a 0 index is equivalent to multiplying by −1 - this follows from (40) and will
be used repeatedly.

Starting from the Gauss Equation, we contract over the 1st and 3rd indices in order to get an
expression involving the Ricci Curvature tensor (recall Rµν ≡ Rαµαν). Here one must take care
to remember that contacting over a Roman index (e.g. m) is not the same as contracting over a
Greek index (e.g. α), as the former involves a summation over the set {1, 2, 3} whereas the latter
involves {0, 1, 2, 3}.

Rmimj = R̄mimj − kimk
m
j + kmmkij

Rij −R0
i0j = R̄ij − kimk

m
j + tr(k)kij

Contracting again,

Rii −R0i
0i = R̄ii − kimk

m
i + tr(k)kii

R−R0
0 −R0i

0i = R̄− |k|2 + tr(k)2,

where |k|2 ≡ kimk
m
i . But R0i

0i = Ri0i0 = R0
0 by the symmetry (22) of the curvature tensor. It follows

that
R−R0

0 −R0i
0i = R+ 2R00 = 2(R00 −

1
2
g00R) = 2R̂00

And hence the constaint equation R̂00 = 0 becomes

R̄− |k|2 + tr(k)2 = 0. (43)

Next we move on to the Codazzi Equation. Taking traces as before gives

Riji0 = ∇̄ikji + ∇̄jkii
R0i −R0

j00 = ∇̄ikij + ∂jtr(k).

But R0
j00 = −R0

j00 = 0 by symmetry (22) of curvature tensor. Since g0i = 0 we have R̂0i = R0i,
and it follows that the constraint equation R̂0i = 0 is equivalent to

∇̄ikij + ∂jtr(k) = 0. (44)

5 Local Existence and Uniqueness for Quasilinear Wave

Equations

In the previous section, the vacuum Einstein equations were reduced (locally) to the equation:

0 = Hµν = −1
2
gαβ∂α∂βgµν +Bαβκλρσµν ∂αgκλ∂βgρσ, (45)

where B is a rational function of g. We will rewrite this as:

gαβ∂α∂βgµν = F (g, ∂0g, . . . , ∂3g), (46)
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We are also given initial data:
gµν |Σ0 , ∂0gµν |Σ0 . (47)

The approach we use for proving local existence and uniqueness for this problem is to find
some time T > 0, and u : [0, T ]× R3 → R4×4 such that:

Aµνu ∂µ∂νu = fu, (48)

u(T0, ·) = U0, (49)

∂0u(T0, ·) = U1. (50)

Here U0, U1 : R3 → R4×4 are C∞c extensions of g and ∂0g from a subset of the chart image
Ω b φ(Ūi) ⊂ R3 into the entirety of R3. We define

Au(t, x) = A(u(t, x)), (51)

where A is a C∞ function mapping R4×4 into R4×4, and

fu(t, x) = f(u(t, x),∇u(t, x)), (52)

where f is also a C∞ function, mapping R80 into R4×4. Here ∇u = (∂0u, . . . , ∂3u).

Definition 5.1 (Lorentz matrix). Let A ∈ R4×4 be a symmetric. We say that A is a Lorentz
matrix if it has one negative eigenvalue and three positive eigenvalues. Now denote the 3 × 3
matrix with components Aij by Ā. For a > 0, we say that A is an (a-)constrained Lorentz
matrix if A00 ≤ −a, Ā ≥ a (as a quadratic form), and |A| ≤ a−1 where | · | denotes the Frobenius
norm. The set of a-constrained Lorentz matrices is denoted L(a).

Lemma 5.2. Let A ∈ L(a). Then A is a Lorentz matrix and there exists some b > 0 such that
A−1 ∈ L(b).

If Au is a Lorentz matrix valued function, then the system (48) is a quasilinear wave equa-
tion. Its solutions behave like a perturbation of the wave equation, because of the signs of the
eigenvalues of Au. If Au is not Lorentz matrix valued, then the system has different properties
entirely.

For the main result of this section, we assume that U0 maps into L(2a) for some a > 0 (i.e.
U0 : R2 → L(2a)), which can be made so if U0 is an appropriate C∞c extension of gµν |Σ0 . Our aim
is to show that if Au maps into L( 1

2a) then the solution u will map into L(a) on some appropriate
region of [0, T ] × R3. This will allow us to define a Lorentzian metric g on an appropritate four
dimensional chart using u. The details of this will be dealt with in the next section.

Comparing equations (46) and (48) we can see that we would like simply to take fu = F (u,∇u)
and Au = u. However, we then have no guarantee that Au maps into L( 1

2a), because we do not
know a priori that u is even a Lorentz matrix valued function. The trick to get around this is to
note that L(a) is a closed convex subset of R4×4 for each a > 0, so we can define a projection
function πA : R4×4 → L(a). We can then find a function A ∈ C∞(R4×4;L( 1

2a)) such that A(v) = v

for v ∈ L(a), all the derivatives of A are zero at the boundary of L( 1
2a), and A(v) = π 1

2a
(v) for all

v /∈ L( 1
2a). This may seem overcomplicated, but the point is that A is a smooth map into L( 1

2a),
and has the property that Au = u for all u ∈ L(a). Since we will show that the solution u maps
into L(a), we effectively get what we desired at the start of this paragraph.

Here we will state exactly what properties of A and f we assume, and then we state the full
existence and uniqueness theorem:

19



Definition 5.3. Let A ∈ C∞(R4×4; R4×4) and f ∈ C∞(R80; R4×4). We say that (A, f) is ad-
missible if the following hold:

• There exists K > 0 such that for all multi-indices α, |∂αA|, |∂αf | ≤ K,

• there exists a > 0 such that A : R4×4 → L( 1
2a), and

• f(0) = 0.

Remark. Note that the third assumption is consistent with the choice fu = F (u,∇u).

Theorem 5.4 (Local existence and uniqueness of smooth solutions). Let (A, f) be admissible and
U0, U1 ∈ C∞c (R3; R4×4), then there exists a T > 0 such that the Cauchy problem (48)-(50) has a
unique smooth solution u ∈ C∞([0, T ]× R3; R4×4).

Corollary (Local existence of a unique Lorentzian solution). If we assume further that U0 is
symmetric on R3, and U0 (Ω) ⊆ L(2a) and U0 is symmetric on all of R3, then there exists a time
T > 0 such that u : [0, T ]× Ω → L(a).

Proof. First note that the system is not changed by applying the transpose operation u 7→ uT ,
therefore by uniqueness of solution, and because U0 is symmetric, the solution u will be symmetric
for all time. Now consider u : [0, T ] × R3 → R4×4 restricted to the compact set [0, T ] × Ω. Since
U0 is continuous and L(2a) is closed, U0(Ω̄) ⊆ L(2a). Since the eigenvalues of a matrix depend
continuously on its entries, as does the Frobenius norm, we can find some neighbourhood of 0×Ω
such that u(t, x) ∈ L(a).

5.1 Linear Wave Equations

In this report we will assume several results about solutions to systems of linear wave equations.
Although their study can be instructive for the study of quasilinear wave equations, as they are
the archetypical hyperbolic PDE there are plenty of sources for the topic.

Definition 5.5 (Locally x-compact support). A function u : R1+3 → R4×4 is said to be have
locally x-compact support if for every compact interval I ⊂ R, there exists a compact set KI

such that u ≡ 0 on I ×
(
R3 \KI

)
.

The following theorem is not for the most general linear wave equation, which may include
first order and zeroth order terms, but it will be sufficient for our needs. References for this are
[8, Chs 7,8] and [9, Ch.1, §3].

Theorem 5.6 (Existence for a linear wave equation). Let A : R1+3 → L(a) be smooth, f :
R1+3 → R4×4 be smooth with locally x-compact support, and let U0, U1 ∈ C∞c (R3; R4×4). Then
for the Cauchy problem below, there exists a unique solution u ∈ C∞(R1+3; R4×4) with locally
x-compact support.

Aµν(t, x)∂µ∂νu = f(t, x), (53)

u(0, ·) = U0, (54)

∂0u(0, ·) = U1. (55)

The version of an energy estimate for a system of linear wave equations that we will find most
useful, though we do not prove it here, is as follows:
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Lemma 5.7. Let u ∈ C2
c ([0, T ]× R3) satisfy:

Aµν(t, x)∂µ∂νu = f(t, x), (56)

where A is a smooth function taking values in L(a) for some a > 0, and f is smooth. Then we
have the following estimate for some Ca depending on a and A:

‖∇u(t, ·)‖2 ≤ Ca

(
‖∇u(0, ·)‖2 +

∫ t

0

‖f(τ, ·)‖2 dτ
)

exp

∫ t

0

3∑
λ,µ,ν=0

‖∂λAµν(τ, ·)‖∞ dτ

 . (57)

Proof. This can be proved by defining an appropriate energy at each time t, computing time
derivatives, and applying Gronwall’s inequality, just as we did in the CCA PDEs course lectures.

5.2 Local Existence and Uniqueness

In this subsection we will prove local existence and uniqueness of solutions to the Cauchy problem
(48)-(50). We essentially follow the exposition found in [9], with some terminology from [8]. First
there will be some technical lemmata that we will use in the proofs.

Lemma 5.8. Let u ∈ C1
c ([0, T ]× R3). Then for all t ∈ [0, T ],

‖u(t, ·)‖2 ≤ ‖u(0, ·)‖2 +
∫ t

0

‖∂0u(τ, ·)‖2 dτ. (58)

Proof. This is a simple application of the Fundamental Theorem of Calculus and Minkowski’s
integral inequality to reverse the order of integration in a right-most term.

Theorem 5.9 (L∞ Sobolev Inequalities). Let p ∈ [1,∞], n ∈ N and s ≥ n/p. Then there exists
a constant C depending on p, n and s such that for v ∈ C∞c (Rn) we have:

‖v‖∞ ≤ C
∑
|α|≤s

‖∂αv‖p. (59)

Corollary. There exists a constant C such that for all v ∈ C∞c (R3) and all multi-indices α:

‖∂αv‖∞ ≤ C
∑

|β|≤|α|+2

‖∂βv‖2 for all x ∈ R3. (60)

Proof. Let s = 2 > 3/2. Then by the previous theorem we have:

‖∂αv‖∞ ≤ C
∑
|β|≤s

‖∂α+βv‖2. (61)

The result follows by relabelling the multi-indices in the sum.

Lemma 5.10 (Gronwall’s inequality). Suppose D, E, and F are bounded, nonnegative functions
on [0, T ] with E non-decreasing. Suppose further that for every t ∈ [0, T ]

D(t) ≤ E(t) +
∫ t

0

F (τ)D(τ) dτ. (62)

Then we have the following inequality for t ∈ [0, T ]:

D(t) ≤ E(t) exp
(∫ t

0

F (τ) dτ
)
. (63)
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The following technical lemma appears to come from nowhere. We will use this in the proof
of the following theorem, and we would rather keep the proofs of our theorems dependent only on
what has come before in the section, so as to avoid a circular argument without a doubt.

Lemma 5.11. Let (A, f) be an admissible pair, then for v, w ∈ C∞(R1+3; R4×4) we have the
following two inequalities:

|∂αfv(t, x)| ≤ C + C

 ∑
|α|≤(s+2)/2

‖∂αv(t, ·)‖∞

s−1

·
∑

|α|≤s+1

|∂αv(t, x)|, (64)

and

| [∂α, Aµνv ] ∂µ∂νw(t, x)| ≤ C

 ∑
|α|≤ 1

2 (s+3)

‖∂αv(t, ·‖∞

s

·
∑

|α|≤s+1

|∂αw(t, x)|

+ C

 ∑
|α|≤ 1

2 (s+3)

‖∂αv(t, ·)‖∞

s−1

·

∑
|α|≤ 1

2 (s+3)

‖∂αw(t, ·)‖∞ ·
∑

|α|≤s+1

|∂αv(t, x)|,

where [·, ·] denotes the commutator bracket.

Proof. By Leibniz’s rule, ∂αfv can be written as a linear combination of terms of the form:

f (k) · (∂α1v) · · · (∂αrv) ·
(
∂β1∂λ1v

)
· · ·

(
∂βr′∂λr′ v

)
. (65)

where
r∑
i=1

|αl|+
r′∑
i=1

|βl| ≤ |α| ≤ s (66)

Note that at most one of the |αl| and |βl| can be greater that s/2. Hence there is at most
one factor with v differentiated more than s/2 + 1 = 1

2 (s + 2) times. Bound this factor above
by

∑
|α|≤s+1 |∂αv(t, x)|. The other factors can be bounded above by

∑
|α|≤(s+2)/2 ‖∂αv(t, ·)‖∞.

Noting that there are at most s factors involving v, we find a constant C dependent on f and s

such that inequality (64) holds. We add the extra constant C to account for the case |α| = 0.
An analogous, but slightly more involved argument using the Leibniz rule gives the second

inequality.

Lemma 5.12 (Existence of Hs+1 solutions). Let (A, f) be admissible (Definition 5.3), and s ≥ 5.
Then there exists a Ts > 0 such that the Cauchy problem (48)-(50) has a unique solution u :
[0, Ts]× R3 → R4×4 with regularity estimate:

sup
t∈[0,Ts]

∑
|α|≤s+1

‖∂αu(t, ·)‖2 <∞ (67)

Remark. Note that this does not immediately imply the existence of a smooth solution because
Ts depends on s. The supremal intervals in which (67) holds may converge to 0 as s→∞.
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Proof. Picard iteration: We will find a local solution using the method of Picard iteration. First
set

u−1 ≡ 0, (68)

and define for all m ≥ 0, um to be the solution to:

Aµνm−1∂µ∂νum = fm−1, (69)

um(0, ·) = U0, (70)

∂0um(0, ·) = U1. (71)

Here we have defined Am = Aum
and fm = fum

. This is a system of linear wave equations with
initial data in C∞c and smooth coefficients. The assumption that f(0) = 0 implies that fm−1

has locally x-compact support. Therefore by Theorem 5.6, for each m ≥ 0 we have a unique
um ∈ C∞(R1+3; R4×4) with locally x-compact support.

Boundedness of the Picard sequence: For each m ≥ 0 and t ∈ R define the following:

Dm,s(t) =
∑

|α|≤s+1

‖∂αum(t, ·)‖2 (72)

We will show that there exists a Ts > 0 such that we have the uniform bound:

Ds = sup
t∈[0,Ts],m≥0

Dm,s(t) <∞. (73)

Compare this with estimate (67). Now, u0 ∈ C∞(R1+3; R4×4) with locally x-compact support, so
for any Ts > 0 we can find a Ds greater than D0,s(t) for all t ∈ [0, Ts]. The approach now is to
use induction, with the inductive hypothesis:

Ds > Dl,s(t) for all 0 ≤ l < m, t ∈ [0, Ts]. (74)

We will determine the appropriate Ts and Ds for this inductive hypothesis at the end. An im-
portant implication of (74) follows from the Sobolev inequality in the Corollary of Theorem 5.9:
Simply because ul(t, ·) ∈ C∞c (R3; R4×4), we have the following for all multi-indices α:

‖∂αul(t, ·)‖∞ ≤ C
∑

|β|≤|α|+2

‖∂βul(t, ·)‖2 for all t ∈ [0, Ts], (75)

for some constant C independent of t and l. Therefore we have the bound:

‖∂αul(t, ·)‖∞ ≤ CDl,s(t) for all 0 ≤ |α| ≤ s− 1, 0 ≤ l < m, t ∈ [0, Ts]. (76)

Now we find L2 estimates for ∂αum where |α| ≤ s. We have:

Aµνm−1∂µ∂ν (∂αum) = ∂αfm−1 −
[
∂α, Aµνm−1

]
∂µ∂νum, (77)

where [·, ·] denotes the commutator bracket. Now, if we set v = um−1 and w = um in Lemma 5.11,
and use the inductive hypothesis, we can estimate the L2 norms of the right hand side of (77):

‖∂αfm−1(t, ·)‖2 ≤ C + C (Dm−1,s(t))
s−1 ·

∑
|α|≤s+1

‖∂αum−1(t, ·)‖2 ≤ C(1 +Ds
s). (78)

‖
[
∂α, Aµνm−1

]
∂µ∂νum(t, ·)‖2 ≤ Dm−1,s(t)sDm,s(t) + CDm−1,s(t)sDm,s(t) ≤ CDs

sDm,s(t). (79)
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Here is the place where we have used the fact that s ≥ 5: we require that 1
2 (s + 3) ≤ s − 1 in

order to use the inequality (76). Now, we combine Lemma 5.7, the above two estimates, and (77)
to find:

‖∂α∇um(t, ·)‖2 ≤ ca ·
(
‖∇um(0, ·)‖2 + CDs

∫ t

0

Dm,s(τ) + 1 dτ
)

(80)

· exp

∫ t

0

3∑
λ,µ,ν=0

‖∂λAµνm−1(τ, ·)‖∞ dτ

 . (81)

We should be carefult to note that ca depends on Ts. Using the inductive hypothesis and inequality
(76), we see that the final term can be bounded above by exp(CAt) for some constant C depending
on a. If we sum over |α| ≤ s, and add in the inequality in Lemma 5.8, we deduce that:

Dm,s(t) ≤ CeCDst

(
Dm,s(0) + CDs

∫ t

0

Dm,s(τ) + 1 dτ
)
. (82)

The constant Dm,s(0) can be bounded above by CU0 =
∑
|α|≤s+1 ‖U0‖2. So now using the fact

that t ∈ [0, Ts], we have:

Dm,s(t) ≤ CeCDsTs

(
CU0 + CDsTs + CDs

∫ t

0

Dm,s(τ) dτ
)
. (83)

Finally, by Gronwall’s inequality 5.10:

Dm,s(t) ≤ CeCDsTs (CU0 + CDs
Ts) exp

(
CCDs

eCDsTs
)
. (84)

We can find Ts sufficiently small and Ds sufficiently large such that the right hand side is bounded
above by Ds itself. Hence, starting the induction argument again with these values of Ts and Ds

gives the desired uniform boundedness result (73).
Existence of a solution to our problem will follow from showing that the Picard sequence

converges in an appropriate norm to ensure the limit satisfies (48)-(50).
Convergence of the Picard sequence to a solution: For all t ∈ [0, Ts] define:

C(s)
m (t) = ‖um(t, ·)− um−1(t, ·)‖2 + ‖∇um(t, ·)−∇um−1(t, ·)‖2. (85)

We will show that there exists a C(s) > 0 such that:

sup
t∈[0,Ts]

C(s)
m (t) ≤ C(s)2−m, (86)

for all m ∈ N. It then follows that the sequence is Cauchy in the space C([0, Ts];H1(R3; R4×4))∩
C1([0, Ts];L2(R3; R4×4)) and hence convergent to some unique function u.

Notice that by the definition of um and um−1 we can write:

Aµνm−1∂µ∂ν(um − um−1) =
(
Aµνm−2 −Aµνm−1

)
∂µ∂νum−1 + (fm−1 − fm−2). (87)

By our boundedness assumptions on A and f , we can bound the right hand side by a constant
multiple of:

|um−1(t, x)− um−2(t, x)|+ |∇um−1(t, x)−∇um−2(t, x)|, (88)
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where we used (76) to bound the second derivatives by Ds. If we use equation (87) and combine
Lemmas 5.8 and 5.7 as above, we deduce that for some constant C depending on A (because of
the exp term involving the L∞ norms of derivatives of A):

Cm(t) ≤ C

(
Cm(0) + C

∫ t

0

‖um−1(τ, ·)− um−2(τ, ·)‖2 + ‖∇um−1(τ, ·)−∇um−2(τ, ·)‖2 dτ
)
(89)

Since Cm(0) = 0, we can find another constant C depending on A, Ds and Ts such that:

Cm(t) ≤ C

∫ t

0

Cm−1(τ) dτ for all t ∈ [0, Ts]. (90)

By Cauchy’s repeated integration formula we can see that:

Cm(t) ≤ (CTs)m

m!
sup

t∈[0,Ts]

C0(t), (91)

which gives the desired bound (86).
Now, the convergence to u in the space C([0, Ts];H1(R3; R4×4))capC1([0, Ts];L2(R3; R4×4))

implies convergence in the sense of distributions in space and time. Therefore u is a distributional
solution to (48)-(50). Weak compactness of Hs+1, implies that there exists a subsequence of
(um(t, ·))m∈N converging weakly to u(t, ·) in Hs+1(R3) uniformly in t ∈ [0, Ts]. We know the weak
limit converges in measure to the same limit as the H1 norm limit. Hence u satisfies the regularity
estimate (67), and is hence a classical solution.

Uniqueness: Suppose we have two solutions u, ũ : [0, Ts] × R3 → R4×4 with regularity (67).
Use exactly the same argument as we did to deduce (90) from (87) to get:

‖u(t, ·)− ũ(t, ·)‖H1 ≤ C

∫ t

0

‖u(t, ·)− ũ(τ, ·)‖H1 dτ for all t ∈ [0, Ts], (92)

for some constant C. By Gronwall’s Inequality 5.10, for all t ∈ [0, Ts], ‖u(t, ·) − ũ(t, ·)‖H1 = 0.
Therefore u = ũ on [0, Ts]× R3, and we have uniqueness.

Remark. It is worth noting that the values of the image of u, which we took to be R4×4 did not
affect the proof in any way whatsoever. The proof will also generalise to the case where the domain
of u is R1+n for any n ∈ N, except that we would use s ≥ n+ 2 rather than the special case s ≥ 5.
Ringström [8] and Sogge[9] both prove their existence theorems for u : R1+n → RN for arbitrary
n and N .

Lemma 5.13 (Blowup in finite time). If T ?s is the supremum of all times Ts such that (67) holds,
then either T ?s = ∞ or we have blowup in finite time:∑

|α|≤ 1
2 (s+3)

|∂αu| /∈ L∞([0, T ?s )× R3). (93)

Proof. Suppose that T ?s <∞ and suppose for a contradiction that

sup
t∈[0,T?

s )

∑
|α|≤ 1

2 (s+3)

|∂αu(t, x)| ≤ D <∞. (94)

Then define:
D(t) =

∑
|α|≤s+1

‖∂αu(t, ·)‖2. (95)
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Arguing as we did to deduce (84) in the previous theorem, we can show that (assuming (94)):

D(t) ≤ CT?
s ,D for all t ∈ [0, T ?s ), (96)

for some constant CT?
s ,D. But then we would have the boundedness property:

sup
t∈[0,T?

s ]

∑
|α|≤s+1

‖∂αu(t, ·)‖2 <∞. (97)

Therefore if we solved the system again, but starting at T ?s with initial data u(T ?s , ·) and ∂0u(T ?s , ·),
our solution would satisfy (67) for some time interval [0, T ] containing [0, T ?s ], a contradiction of
the definition of T ?s .

Remark. When using the techniques from the existence theorem, the Sobolev estimate (60) plays
an important role.

This blowup criterion will allow us to show that the time intervals [0, Ts] can be taken to be
independent of s for sufficiently large s. Sufficiently large s turns out to be s ≥ 6.

Proof of Theorem 5.4. Define T = T6 (Ts where s = 6). By Theorem 5.12, there exists a unique
solution u : [0, T ]× R3 → R4×4 to the system (48)-(50) such that:

sup
t∈[0,T ]

∑
|α|≤s+1

‖∂αu(t, ·)‖2 < Ds (98)

where s = 6. Now let s > 6 and assume that (98) holds for the case where s is replaced by s− 1.
Then we have by Sobolev’s inequality 5.9:

sup
t∈[0,T ]

∑
|α|≤s−2

‖∂αu(t, ·)‖∞ <∞. (99)

Now, we have that 1
2 (s+ 3) ≤ s− 2 if and only if s > 6, hence we have:∑

|α|≤ 1
2 (s+3)

|∂αu| ∈ L∞([0, T ]× R3). (100)

By Theorem 5.13, we have a solution satisfying (98) for this currently considered s. The result
then holds by induction.

The following theorem will give a region where the solution is dependent solely on the intial
data given by the Lorentzian metric g on M̄ , and not on the arbitrary way we extend U0 and U1

to the entirety of R3. This is essential for the theorems of the following section.

Theorem 5.14 (Domain of dependence). Let u : [0, T ] × Ω → L(a) be as in the Corollary
of Theorem 5.4 and suppose K b Ω. Then there exists a T̂ ∈ (0, T ] such that u restricted to
[0, T̂ ]×K is determined uniquely by the values of U0 and U1 in Ω.

6 Globalising in Space

Now we have constructed solutions on these local coordinate patches corresponding to coordinate
patches on the given Riemannian M̄ . However, we are asked not for a collection of solutions all
local in space, but for some global spacetime M for which M̄ is an “initial slice”, so we now need
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to combine them in such a way that this will be. We only sketch these arguments, as they involve
additional calculations like those in section 3. So, we need every point to depend on points of
M̄ , and these not to depend on each other. This will lead us to the idea of a globally hyperbolic
spacetime, but we will need some more definitions. Firstly, in order to make sure the notion of
“initial” makes any sense at all, we need the following definition.

Definition 6.1. A spacetime (M, g) is said to be time-orientable if there is a smooth nonvanishing
timelike vector field on it.

To explain this definition, obviously there are two timelike directions at each point, so one is
the past and one is the future. Time-orientability is just the statement that we can continuously
choose which is the future. Unlike orientability of the underlying M this depends heavily on which
directions g indicates are timelike; there exist spacetimes with all four combinations of orientability
and time-orientability. We will never consider manifolds that are not time-orientable, but we will
require our maps to be time-orientation-preserving (that is, not reversing past and future.) We
now consider causality.

Definition 6.2. We recall the notions of timelike, spacelike, and null vectors and curves from
subsection 2.1. Further, a curve γ is said to be causal if, for every t, γ′(t) is either timelike or
null.

Obviously, by restriction, this gives a notion of timelike, spacelike or null geodesic and the
following lemma is obvious.

Lemma 6.3 ([6], p. 69). Suppose that γ is a geodesic in (M, g) with timelike (spacelike, null)
initial velocity. Then its velocity is of this form for all time, that is, γ is a timelike (spacelike,
null) geodesic.

Proof. This is obvious because the “square-speed” gγ(t)(γ′(t), γ′(t)) is invariant along a geodesic.

The other thing we need to note here is that the notion of “inextendible” could be different for
curves and geodesics. Obviously a geodesic inextendible as a curve is inextendible as a geodesic,
but a priori it might be possible to extend a geodesic further as a curve but not in such a way
that it satisfies the geodesic equations. In fact, this is not possible, and we have

Lemma 6.4 ([6], Lemma 8, p. 130). If a geodesic is defined on [0, b) and tends to a limit as t→ b

then it is extendible as a geodesic.

Thus we can simply refer to an inextendible, or a maximal, geodesic.
Physically, a timelike curve is one along which you are travelling in time faster (with respect to

the parameter of the curve) than in space; as before, this is simply one along which it is physically
possible to travel. A null curve requires going at light-speed so that only massless particles such
as photons can travel along it, and it is impossible to travel on spacelike curves. This notion of
timelike as “traversable” leads to the following definition.

Definition 6.5. A subset A of spacetime (M, g) is said to be a Cauchy hypersurface if every
inextendible timelike curve meets it exactly once.
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Here, the hypothesis of inextendibility is just to guarantee you don’t fail through giving up
defining the curve before it reaches the Cauchy hypersurface. The other point is that given that
photons can carry information, we might also care about null curves but we have the following:

Lemma 6.6 ([6], Lemmas 29, p. 415, and 42, p. 425). Suppose A is a smooth spacelike hypersurface
in (M, g), that is the image of a smooth embedding from an appropriate 3-dimensional space, with
induced metric Riemannian. Then A is a Cauchy hypersurface if and only if every inextendible
causal curve meets A exactly once.

This enables us to make the following definition, which formalises the notion of solution outlined
in Section 3.

Definition 6.7. A triple (M, g,Φ) is said to be a globally hyperbolic development of the initial
data (M̄, ḡ, k) if:

1. (M, g) is a time-oriented Lorentzian manifold satisfying the vacuum Einstein equations.

2. Φ is an embedding of M̄ into M such that the pullback of g is ḡ and the second fundamental
form is k.

3. Φ(M̄) is a Cauchy hypersurface in M . (Note that it’s spacelike by the previous point.)

More generally, a spacetime is said to be globally hyperbolic if it admits a Cauchy hypersurface,
and a triple is simply said to be a development if the Cauchy hypersurface condition may fail.

Globalising our previous work in space, we obtain the following theorem. We omit some of the
details.

Theorem 6.8. If (M̄, ḡ, k) satisfy the constraint equations of Theorem 4.1, then there exists a
globally hyperbolic development of them.

Proof. We begin by taking charts {(Ūi, φ̄i)}i∈I′ about every point in M̄ . We then take an open
subset W̄ ′

i ⊂ Ūi, with W̄ ′
i ’s closure compact and contained in Ūi. By paracompactness of manifolds

(as in the proof of existence of partitions of unity), we can find a locally finite refinement; appealing
to the compactness of the closure of subsets of the W̄ ′, we obtain a cover {W̄i}i∈I of M̄ with the
following properties.

1. I is countable.

2. W̄i is an open subset of Ūi, with compact closure contained in it.

3. Only finitely many of the W̄i intersect any given one (this follows from local finiteness).

We also take V̄i another open subset containing the compact closure of W̄i and with compact
closure contained in Ūi. Now R × Ūi is also a second countable and Hausdorff topological space.
We define local coordinates φ on it by φ(t, x) = (t, φ̄(x)) which clearly is a homeomorphism to a
subset of R4.

We now identify Ūi with a subset U of R3 using φ̄i. We can pull back the tensor fields g and
k to this subset, and as we have one set of coordinates they can be viewed as matrices. We now
want to find a metric g by solving the quasilinear wave equation

0 = Hµν = −1
2
gαβ∂α∂βgµν +Bαβκλρσµν ∂αgκλ∂βgρσ
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with the initial conditions arising from our reduction

g|U =


−1 0 0 0
0 ḡ11 ḡ12 ḡ13

0 ḡ21 ḡ22 ḡ23

0 ḡ31 ḡ32 ḡ33



∂0g|U =


−2trk Γ̄1 Γ̄2 Γ̄3

Γ̄1 2k11 2k12 2k13

Γ̄2 2k21 2k22 2k23

Γ̄3 2k31 2k32 2k33


where these right hand side coordinates are those we get under φi. (See subsection ??)

Whilst these are smooth, they are not compactly supported. This is why we introduced the V̄i;
we obtain a compact-closure-contained subset V of U and by multiplication with an appropriate
smooth function 1 on V and 0 on UC , we can construct initial data that agree with the initial
data above on V and are indeed smooth compactly supported. By Theorem 5.4 and its corollary,
applied twice, once to the future and once to the past, we obtain that there exists a T ′i such that
we have such a solution on R3 × (−T ′i , T ′i ) which is Lorentz matrix valued.

However, it may depend on our choice of cutoff function. This is not itself a problem, as we
are only asking that some solution exists. However, it is a problem if it causes us to end up
with different solutions at the same point because of different artificial initial data. To prevent
this we appeal to the domain of dependence theorem, Theorem 5.14, to restrict the time interval
further. We know that there are only finitely many W̄j that intersect W̄i. For each, we consider
the subset φ̄i(W̄i ∩ W̄j) and note that it has compact closure contained in φ̄i(V̄i ∩ V̄j). Thus, by
the domain of dependence theorem, for each j there is some T (j)

i ≤ T ′i such that the solution in
φ̄i(W̄i ∩ W̄j)× (−T (j)

i , T
(j)
i ) only depends on the initial data in φ̄i(V̄i ∩ V̄j). Now we set

Ti = min
j
T

(j)
i

We now define local patches Ui = Ūi× (−Ti, Ti), Vi = V̄i× (−Ti, Ti) and Wi = W̄i× (−Ti, Ti),
and put coordinates on these by φi(x, t) = (φ(x), t). Note that, by construction, the coordinates
are harmonic with respect to the metric gi, as discussed in section 4, and the vector field ∂

∂t is
timelike; this is part of the definition of the metric being a Lorentz matrix in these coordinates.
Also if we define Φi : V̄i → Vi by x 7→ (x, 0) this gives the correct induced metric, that ∂

∂t is normal
to Φi(M̄) and the correct second fundamental form.

We now have to identify the solutions in the different patches Wi and Wj . To do this, we solve
the wave equation with the metric gj on the second patch and the initial conditions corresponding
to our coordinate system ψi for its initial value and normal derivative (written out slightly more
explicitly in the proof below); as we are looking at the inclusion of M̄ we can identify these
functions easily and they do define coordinates. We identify the patches Wi and Wj by taking the
diffeomorphism that is the identity between the coordinates ψi on Wi and these new coordinates
on Wj . This gives us two matrix-valued functions on our coordinate chart for Wi, corresponding
to the first solution and the second solution; as we are mapping to the same region with a set of
harmonic coordinates for the relevant metric, both matrix-valued functions satisfy the quasilinear
wave equation. It can further be shown by calculations which include differentiating (30) that
their initial data agree. Extending to the coordinate chart for Vj under the same identification
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they still agree and therefore by the domain of dependence theorem the two potential solutions are
equal. Thus the metrics are the same under this identification. Forming the quotient manifold,
therefore, we have the required global manifold structure. It can be shown that by taking the
identifications to be appropriately maximal the resulting space is indeed Hausdorff. It is also clear
that, as the initial conditions for ψ0 are independent of coordinate chart (0 initial value and 1
initial normal derivative) this function always agrees, and so the functions t defined on our patches
agree to form a global function t.

Now clearly we can define a global Φ, as the inclusions obviously agree under this identification,
and as induced metric and second fundamental form are local properties, these must remain ḡ and
k. To complete the analysis, we shrink our manifold slightly. We now have a metric on it, so we
can define

M = {p : every inextendible timelike curve through p meets Φ(M̄)}

This is still an open neighbourhood of Φ(M̄) in our previous manifold, as for any point in Φ(M̄) we
can take a small hypercone which cannot be escaped without going through Φ(M̄) by continuity
of the metric. For the remaining two points, we have that the function t is globally defined on M
(as it’s globally defined on our quotient manifold), and smooth. Thus we have a global vector field
∂
∂t , and this does not vanish. It’s also always timelike, as observed above, which proves that the
manifold is time-orientable. For a time-orientation, suppose that ∂

∂t is future-pointing. For global
hyperbolicity, we suppose that we have an inextendible timelike curve γ; it must meet Φ(M̄) by
construction. By reparametrising, suppose that it is future-pointing without loss of generality and
so that t ◦ γ is strictly increasing, so it certainly cannot be zero twice.

Our arguments for uniqueness use similar techniques but in different orders, as we are still
effectively trying to prove that the any two metrics agree in a local neighbourhood of the initial
data, and this can be proved locally in space. As we can ask about relations between different
manifolds, we need the notion of an isometric embedding.

Definition 6.9. Given two globally hyperbolic developments (M, g,Φ) and (M̂, ĝ, Φ̂), a smooth
map φ : M → M̂ is said to be an isometric embedding if it is a diffeomorphism onto its image,
preserves the time-orientation and the metric, and preserves Φ in the sense that Φ̂ = φ ◦ Φ.

An elementary argument with geodesics proves that at most one of these can possibly exist.

Lemma 6.10. There is at most one isometric embedding between globally hyperbolic developments.

Proof. Suppose that (M, g) and (M̃, g̃) are globally hyperbolic developments with appropriate
inclusions. Let S = i(Σ), which is a Cauchy hypersurface in (M, g). Suppose further that ψ1 and
ψ2 are isometric embeddings from M to M̃ . We have to show that ψ1 = ψ2.

Suppose that p ∈ M , and let γ be an inextendible timelike geodesic with γ(0) = p. Since S
is a Cauchy hypersurface, there exists some s such that γ(s) ∈ S. Then ψ1 ◦ γ(s) = ψ2 ◦ γ(s),
as both are isometric embeddings. It remains to consider the action of ψ1 and ψ2 on the tangent
space to M at γ(s). As ψ1 and ψ2 agree on S, they must agree on the tangent space to S; as time-
orientation-preserving isometries they must also preserve the future-directed unit normal vector;
note that as (Σ, ḡ) is Riemannian, i.e. this is a spacelike hypersurface, this normal isn’t in the
tangent space.

Hence we also have (ψ1 ◦ γ)′(s) = (ψ2 ◦ γ)′(s). By uniqueness for the ODE system defining the
geodesics ψ1 ◦ γ and ψ2 ◦ γ, we then obtain

ψ(p) = ψ ◦ γ(0) = ψ̃ ◦ γ(0) = ψ̃(p)
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as required.

We now prove our local-in-time uniqueness result, again omitting some necessary calculations.

Theorem 6.11. Suppose that (M, g,Φ) is a development of (M̄, ḡ, k). Then an open subset of
the globally hyperbolic development constructed above forms a globally hyperbolic development that
isometrically embeds into it.

Proof. Take some chart (U, φ) forM , and further take one of the charts (Ū , ψ̄) we used to construct
the globally hyperbolic development, with Φ(Ū) meeting U . Previously this chart was referred to
as (Ū , φ̄), but changing the name of the function has no effect.

To define our diffeomorphism we will need harmonic coordinates on U . That is, we solve (30),
with the metric g, with the initial conditions

ψ0|φ◦Φ(M̄) = 0 ψi|φ◦Φ(M̄) = ψ̄i

∂nψ
0|φ◦Φ(M̄) = 1 ∂nψ

i|φ◦Φ(M̄) = 0

where n is the (unit timelike future-directed) normal vector to Φ(M̄) with respect to the metric
g, i.e. is normal and has gp(n, n) = −1, and by abuse of notation we regard Φ(M̄) as contained
in U and ψ̄i, i = 1, 2, 3, as functions on this set. By the theory of linear wave equations, we do
indeed get a solution ψ on some subset V , and as ψ̄ provide coordinates on Ū , ψ does indeed form
coordinates on some subset V of U .

The bottom pair of equations proves that in these coordinates n = ∂
∂ψ0 so that the metric has

the form given in section 4 and above on the surface ψ0 = 0. It can be shown by a calculation
similar to the one required in the previous proof that ∂0g also has the required form.

But now we recall from the construction above that locally we can take a subset of our globally
hyperbolic development as a subset of Ū×R, and that the natural coordinates on this are harmonic.
Thus we define a diffeomorphism from this to M by taking the identity from these coordinates to
the ψ coordinates; that is, we parametrise an appropriate open subset of both manifolds by the
same patch of R4. Then the two metrics arising as the metric g on M and the metric g̃ on our
original solution are both solutions to the quasilinear wave equation and they have the same initial
data. Thus, restricting again as in the previous proof, they are equal, so this is a local isometry.
Obviously it preserves the inclusion and the time-orientation.

So now we can assume that we have constructed a locally finite cover by open sets and local
isometric embeddings of this form. We choose some enumeration of this cover, and then we can
restrict the intersections so that they are globally hyperbolic in turn (that is, we reduce U2 so that
U1 ∩ U2 is globally hyperbolic and so on.) As usual, these remain appropriate open subsets. Now
by appealing to the lemma, isometric embeddings from these sets are unique. Thus all our local
isometric embeddings must agree, and so taking the union completes the proof.

In particular, by taking intersections we can obtain a similar result referring to multiple de-
velopments (M, g,Φ). In fact, it turns out that the normal vector n we used is determined by
the induced metric and second fundamental form, at least in this Ricci-flat case, and so any two
metrics on the same manifold must also agree locally. This will be required when globalising in
time.
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7 Maximal Solutions (Globalising in Time)

7.1 The past and the future

We now turn to the global theory. This is fundamentally due to Robert Geroch and Yvonne
Choquet-Bruhat in [2]. However, the authors found this article quite concise; a number of techni-
calities arise in attempting to give it in full, and thus we follow the expanded explanation of Hans
Ringström in [7]. Note that this appeared as a correction to [8], as the provided proof in the latter
is incorrect. We will also refer to the text of Barrett O’Neill [6] frequently to justify geometric
facts.

In order to discuss the global theory, we need to formalise the idea of dependence that always
underlies a Cauchy problem for a hyperbolic equation, and so we make:

Definition 7.1. Given two points p and q in spacetime M , we say that

p� q if there is a future-pointing timelike curve from p to q and p 6= q

p < q if there is a future-pointing causal curve from p to q and p 6= q

p ≤ q if p = q or p < q

We define �, >, and ≥ similarly.

We also define the past and future of any given set by

Definition 7.2. Let A be some set in spacetime M . We define the sets

I+(A) = {q : q � p for some p ∈ A}

J+(A) = {q : q ≥ p for some p ∈ A}

I+(A) is called the chronological future of A and J+(A) is called the causal future of A. The
chronological and causal pasts, I−(A) and J−(A) are defined similarly.

That is, p � q if it possible for a massive observer to travel from p to q; physically, such ob-
servers must travel strictly slower than light, that is in timelike directions, and they do experience
time. This explains the term “chronological future”: those points q where a clock could show a
later time on arrival at q than on departure from A. Things travelling at light speed, such as radio
waves, can propagate information but no apparent time passes.

The following two statements are physically obvious. The first says that if you can get from p

to q going at speeds no more than the speed of light, and you are not travelling at the speed of
light in a straight line, then you can get from p to q without even going at the speed of light; the
second says that if you can get from p to q without going at the speed of light, then, perhaps by
accelerating slightly, the same holds for points near p and q.

Lemma 7.3 ([6], Proposition 46, p. 294). Suppose that γ is a causal curve that is not a null
pregeodesic. Then, arbitrarily close to γ, there is a timelike curve with the same endpoints.

Lemma 7.4 ([6], Lemma 3, p. 403). � is an open relation; that is, if we have points p and
q in spacetime M with p � q, for sufficiently small open neighbourhoods U and V of p and q

respectively, whenever p′ ∈ U and q′ ∈ V we have p′ � q′. In particular, chronological futures and
pasts are open sets.
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Now this is not necessarily true for the relation <; explicit examples can be found in simple
spacetimes, but physically simply consider travelling a light-speed in a certain direction from p to
q; then the nearby point “q’s spatial position but slightly earlier” cannot be reached without going
faster than light. In the case of globally hyperbolic spacetimes, however, we do have a similar
topological statement.

Lemma 7.5 ([6], Lemma 22, p. 412). Suppose that spacetime is globally hyperbolic. Then ≤ is
closed, that is if we have two sequences pn → p and qn → q, with pn ≤ qn for all n, then p ≤ q.

Corollary. It follows that I+(J+(A)) ⊂ I+(A) and so on, by taking two curves and observing
that as one is timelike the combination cannot be a null pregeodesic.

7.2 Maximal globally hyperbolic developments

In the case of PDEs on Euclidean space, the notion of a global solution is simply a solution “for
all time”. The local uniqueness result we have is similar to one for a PDE on Euclidean space,
in that it asserts the equality of two solutions in an appropriate neighbourhood. However, for
a Euclidean PDE it is easy to take new initial data and so we can prove that two solutions are
equal where defined. In our case, it is not immediately obvious that we can combine the solutions
appropriately, as we have isometries between our different solutions and cannot just interpret them
all as subsets of each other. We thus define a maximal solution to the equations as simply our
best approximation to the union of all solutions: a solution that every other solution is contained
in.

Also, as we will be considering a number of spacetimes, which we will denote M , M̂ , M̃ , it may
cause confusion to continue to refer to the Riemannian manifold of the initial conditions described
in section 3 as M̄ . We will thus refer to it as Σ for our discussion of the global theory.

Definition 7.6. A maximal globally hyperbolic development of the initial data (Σ, ḡ, k) is a space-
time (M, g) with inclusion i : Σ → M such that, for every other globally hyperbolic development
(M̃, g̃) with Φ̃ : Σ → M̃ of the initial data, there is an isometric embedding ψ : M̃ →M such that
ψ ◦ Φ̃ = i.

We are now in a position to state

Theorem 7.7. Suppose that the initial data (Σ, ḡ, k) satisfies the constraint equations discussed
previously and therefore Theorems 6.8 and 6.11. Then there exists a maximal globally hyperbolic
development, and given any two such there is a surjective isometric embedding from each to the
other.

We begin by applying Lemma 6.10 to prove the uniqueness statement.

Proof of uniqueness in Theorem 7.7. If we have two maximal globally hyperbolic developments M
and M̃ , with metrics and inclusions, then we have two isometries ψ : M → M̃ and ψ̃ : M̃ → M ,
fixing the corresponding images of Σ. Thus ψ ◦ ψ̃ : M̃ → M̃ is an isometric embedding. But the
identity is also an isometric embedding. Thus by the previous lemma ψ ◦ ψ̃ is the identity. The
same applies to ψ̃ ◦ψ, and thus ψ and ψ̃ are surjective, and so are the required surjective isometric
embeddings.
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To prove existence, we want to take a maximal element in the space of all possible solutions. As
(unlike in the Euclidean case) it’s no longer obvious that this is totally ordered, we have to appeal
to Zorn’s Lemma. As is typical in such an argument, we first have to prove that Zorn’s Lemma
applies and then have to prove the maximal element so constructed does satisfy our definition.

7.3 Application of Zorn

We need a partially ordered set. We define a relation on globally hyperbolic developments, saying
that (M, g) ≤ (M̃, g̃) if there is an isometric embedding from M to M̃ . This is not a partial order
because antisymmetry fails, so we consider the equivalence classes [M, g] of globally hyperbolic
developments, with two considered equivalent if there is an surjective isometric embedding (in both
directions). Clearly, ≤ on the globally hyperbolic developments induces a well-defined relation ≤
on the equivalence classes. We now prove:

Lemma 7.8. Equivalence classes of globally hyperbolic developments with the relation ≤ form a
partially ordered set.

Proof. That these form a set is a consequence of the Whitney embedding theorem, which enables
us to reduce to appropriate differentiable and metric structures on and inclusions to subsets of Rn

for some n, which form a set.
It remains to show that ≤ gives a partial ordering. Reflexivity is obvious by considering the

identity map, and transitivity is by composition. For antisymmetry, all we have to show is that
if we have isometric embeddings ψ and ψ̃ from M to M̃ and back again then they are surjective,
but as before this follows by applying Lemma 6.10 to the compositions.

We now have to show that the hypotheses of Zorn’s Lemma apply. By taking representatives
in each equivalence class, that totally ordered subsets have an upper bound reduces to

Proposition 7.9. Given any set of globally hyperbolic developments {Mi : i ∈ I} such that given
any pair there is an isometric embedding from one to the other, there exists a globally hyperbolic
development M̃ that they all isometrically embed into.

We basically take the union. The main point requiring proof is that the resulting manifold is
second countable, as the set I need not be countable. We begin by constructing M̃ as a topological
space; we then prove it has the required additional structure as a pair of lemmas.

We let K be the manifold given by the disjoint union of the Mi. Suppose that Mi ≤Mj , then
there is an isometric embedding ψij from Mi to Mj . Now ψij is unique by Lemma 6.10, and in
particular we have that ψii is the identity on Mi. We now define an equivalence relation ∼ on K
by setting Mi 3 p ∼ q ∈Mj if Mi ≤Mj and ψij(p) = q or vice versa.

This is an equivalence relation — reflexivity follows by considering ψii, transitivity follows as
the composition of isometric embeddings is again an isometric embedding, and symmetry follows
by definition.

Thus we can define the quotient space M̃ ofK under ∼. It remains to show that this topological
space is Hausdorff, second countable, admits appropriate differentiable and metric structure, and
has an inclusion of Σ as a Cauchy hypersurface with the pullback of the metric giving the given
metric and second fundamental form k.

We begin with the easier properties.
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Lemma 7.10. All of these properties hold except perhaps second countability.

Proof. M̃ is Hausdorff. Given any two points p̃ and q̃ in the quotient, we can choose preimage
points for them in K, say in Mi and Mj . But either Mi embeds into Mj or vice versa, so we can
suppose our preimage points are in the same manifold. As this is Hausdorff, we have disjoint open
sets about them in K; taking the images of these under the quotient we obtain the disjoint open
sets in M̃ required.

Differentiable structure. This we can simply induce from the Mi. Observe that the quotient
map πi : Mi → M̃ is a homeomorphism onto its image. Thus given a chart (U, φ) for Mi, we
can define a chart on M̃ by (πi(U), φ ◦ π−1

i ) — note that this is again a homeomorphism. The
transition functions for charts corresponding to the same Mi are obviously smooth, and if we
consider (U, φ) in Mi and (V, ϕ) in Mj , with Mi ≤ Mj , the transition function from one to the
other is ϕ ◦ π−1

j ◦ πi ◦ φ−1 = ϕ ◦ ψij ◦ φ−1, which is a diffeomorphism on the relevant set. Thus
this gives an atlas.

Metric structure. Now πi is a diffeomorphism onto its image because it is the identity in
appropriate coordinates. Thus given the metric on Mi at some point π−1

i (p), we can pull it back
to an inner product on M̃ at p. This inner product is independent of the Mi we use because the
transition ψij is an isometry, and so the pullback of Mj ’s inner product under it is exactly Mi’s.
Smoothness follows because in any neighbourhood the inner product is given by a pullback of a
smooth inner product and so is smooth. Then we have the πi isometries, the metric is Lorentz,
and M̃ is again a solution to the vacuum Einstein equations. As all the ψij preserve the time
orientation, M̃ is also time orientable.

Inclusion of Σ We define Φ̃ : Σ → M̃ by Φ̃(p) = πi ◦ ii(p); again, this is independent of our
choice of Mi; for any i and j, we have ii(p) ∼ ij(p) as (if Mi ≤Mj) ψij ◦ ii = ij . As everything is
local and πi is an isometry, we must have the correct induced metric ḡ and second fundamental
form k. It remains to show that Φ̃(Σ) is a Cauchy hypersurface. Suppose that γ is an inextendible
timelike curve in M̃ . γ obviously intersects Φ̃(Σ), because we can restrict to some subdomain
and project so that our new curve πi ◦ γ is an inextendible timelike curve in Mi, for some i. If γ
intersects Φ̃(Σ) twice, at t1 and t2, the image γ([t1, t2]) is compact and so covered by only finitely
many of the Mi; by taking the biggest, it is covered by only one, and then in that one we have a
inextendible timelike curve intersecting the Cauchy hypersurface more than once.

Thus we have reduced to proving second countability. We do this by using geodesics to restrict
to Σ, that is, we use the differentiable and metric structure constructed above. However, we must
be careful to ensure that we do not use any standard geometric results that depend on second
countability in so doing.

Lemma 7.11. Moreover, M̃ is indeed second countable.

Proof. We consider the geodesic flow, that is, we consider lifting geodesics to a curve in the tangent
bundle TM̃ , to give a first-order system of ordinary differential equations (specifying an initial
point in the tangent bundle is specifying an initial point in the manifold and an initial direction
at this point. We take π : TM̃ → M̃ to be the obvious projection.

By [6, Proposition 28, p. 70], there is a vector field G on TM̃ such that projecting down to
M̃ gives a one-to-one correspondence between integral curves of this vector field and geodesics -
explicitly, for each geodesic γ, the curve γ′ in the tangent bundle satisfies (γ′)′(s) = Gγ′(s) and
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given a curve γ̃ satisfying this, π◦ γ̃ is a geodesic - and these two procedures are inverse. Moreover,
by ODE theory, if we define

D = {(t, v) ∈ R× TM̃ : the integral curve starting at v is defined at t}

and the flow F : D → TM̃ by Φ(t, v) = γv(t), the value of the integral curve starting at v at
parameter t, we have D open and F smooth. Note that the proofs of these do not require second
countability (they most naturally would via needing a partition of unity to construct one of these
global objects).

Now we consider the subset of the manifold R× TM̃ given by

E =
⋃

p∈ĩ(Σ)

(R× CpM̃) ∩ D

where CpM̃ is the subset of TpM̃ containing timelike vectors. As Σ is second countable so is E,
we have a map π ◦F : E → M̃ . We claim that π ◦Φ is surjective, continuous, and takes open sets
to open sets (it is not injective, so cannot be a homeomorphism); then the images under it of a
countable basis for the topology of E are a countable basis for the topology of M̃ .

Continuity is obvious because both π and F are smooth.
For surjectivity, suppose we have p ∈ M̃ , and let γ be a maximal timelike geodesic passing

through p. We know from global hyperbolicity that there is a (unique) value t such that γ(t) ∈
Φ̃(Σ). Note that this uses Lemma 6.4 to guarantee that maximal geodesics are inextendible curves.
Then as γ′ is an integral curve for G, we have π ◦F (−t, γ′(t)) = p by translating this curve. Note
that γ′(t) is timelike because geodesics preserve causal character (Lemma 6.3).

Finally, we need to show that π ◦ F takes open sets to open sets. We define a partial inverse
σ to Φ. Given v ∈ TM̃ a timelike vector, the maximal geodesic in M̃ with this initial velocity,
γv, hits Φ̃(Σ) at some value for its parameter, and we call this value σ(v). We claim that σ is
continuous. We prove this for the function σi given by a similar construction on TMi; it is clear
that σi and σ agree, as the geodesic in M̃ is just the projection of the geodesic in Mi, so this is
sufficient. Let vj → v in TMi; we have to show that σi(vj) → σi(v). We take ε > 0, and observe
that as D is open, for ε sufficiently small and j sufficiently large, γv(σ(v)± ε) and γvj (σ(v)± ε) are
both defined. Suppose that v (and so all the vj , without loss of generality) are future-pointing.
Then, obviously, we have

γv(σi(v)− ε) � γv(σi(v)) � γv(σi(v) + ε)

Now we know (Lemma 7.4) that � is an open relation and so for p near γv(σi(v)− ε) and q near
γv(σi(v) + ε), p � γv(σ(v)) � q. Now as F is continuous, γv(t) is a continuous function of v;
hence, for j large enough we have

γvj
(σi(v)− ε) � γv(σi(v)) � γv(σi(v) + ε)

It follows that σ(v)− ε ≤ σ(vj) ≤ σ(v)+ ε for j large enough. Suppose this failed with σi(v)− ε >
σi(vj), then it follows that γvj (σi(vj)) � γvj (σi(v) − ε) � γv(σi(v)); but both γvj (σi(vj) and
γv(σi(v)) lie in a Cauchy hypersurface so they cannot be timelike separated. Similarly for the
other inequality, so σ is continuous.

The required result is now straightforward; given an open set U in E, we have to show
that π ◦ F (U) is open. We show F (U) is open and it suffices to show that it contains an
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open neighbourhood of w = F (t, v) for every (t, v) ∈ U . If this fails we have a sequence
wj → w such that the wj are not in F (U). But we know by continuity of σ and F that
(−σ(wj), γ′wj

(σ(wj))) → (−σ(w), γ′w(σ(w))) = (t, v) so these pairs are in U for j sufficiently
large, and by definition their images under F are the wj .

This completes the proof of Proposition 7.9 and therefore we have

Lemma 7.12. There exists an equivalence class of globally hyperbolic developments that is maxi-
mal with respect to the relation ≤.

Proof. This is a partially ordered set in which every totally ordered subset has an upper bound.
To apply Zorn’s lemma we now only require that it is nonempty, i.e. that some globally hyperbolic
development exists, but this is Theorem 6.8. Thus by Zorn’s lemma it has a maximal element.

7.4 Maximal element is a maximal globally hyperbolic development

All being maximal with respect to ≤ says is that there is no strictly larger development into which
this embeds; to prove it is a maximal globally hyperbolic development we have to show that every
other globally hyperbolic development isometrically embeds into it. To do this we show that given
any two globally hyperbolic developments, there is a development which both of them isometrically
embed into. Following Ringström, we’ll call this the “common extension”. What we want to do
is take the disjoint union of the two developments and identify “the regions where they agree”, so
we have to find this somehow and we use Zorn’s Lemma again.

7.4.1 Defining the common extension

Definition 7.13. Given globally hyperbolic developments of our initial data (M, g) with inclusion
Φ and (M̂, ĝ) with inclusion Φ̂, define the set C(M̂,M) of pairs (Û , φ) such that Û is an open subset
of M̂ that contains Φ̂(Σ) as a Cauchy hypersurface and φ is an isometric embedding of the globally
hyperbolic development (Û , ĝ) into (M, g). Further, define the relation ≤ by (Û , φ) ≤ (V̂ , ψ) if
Û ⊂ V̂ and φ = ψ on Û .

Lemma 7.14. C(M̂,M) has a unique maximal element with respect to the relation ≤.

Proof. Consider first a pair of elements (Û , φ) and (V̂ , ψ), and suppose that Û ⊂ V̂ . By Lemma
6.10 applied to the globally hyperbolic development Û and the isometric embeddings φ and ψ|Û
into (M, g), we have φ = ψ on Û . Thus the partial ordering reduces to inclusion of the Û ’s.
Given any set, we can form their union as before as the embeddings agree where defined: the only
thing that needs checking is global hyperbolicity. Existence of an intersection follows exactly as
in Lemma 7.10, and its uniqueness is guaranteed since M̂ is globally hyperbolic. Thus by taking
unions, any totally ordered subset has an upper bound. By Zorn’s Lemma, it follows that there is
a maximal element. If there were two, we could also take their union, and this would be another
element, so by maximality all three would be the same. Thus the maximal element is unique.

We can now give a precise definition of our new development.

Definition 7.15. Suppose we have a pair of globally hyperbolic developments (M, g) and (M̂, ĝ).
Let (Û , φ) be the unique maximal element of C(M̂,M) and define the manifold K as the disjoint
union of M and M̂ . Then define the quotient space M̃ of K under the equivalence relation
identifying φ(p) with p for all p ∈ Û .
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We now argue in reverse, as the hardest property to prove for M̃ is that it is Hausdorff and
this would naturally be proved first. So we begin with

Lemma 7.16. Suppose that, for any pair of globally hyperbolic developments M and M̂ of the
initial data, M̃ is second countable and Hausdorff, that we can find a differentiable and Lorentz
metric structure and an inclusion so that M̃ is also globally hyperbolic development of our initial
data, and that M and M̂ isometrically embed into it. Then any manifold in the maximal element
in Lemma 7.12 is a maximal globally hyperbolic development.

Proof. Suppose that (M, g) as above is in the maximal element and (M̂, ĝ) is any other globally
hyperbolic development. Form the common extension M̃ . By the hypotheses, M̃ is a globally
hyperbolic development and M isometrically embeds into it. But as M is maximal it follows
that M and M̃ are in the same equivalence class, and thus M̂ isometrically embeds into M , as
needed.

For the rest of this section, except for the additional causality theory outlined below, we will
be in this situation. That is, M and M̂ will be some globally hyperbolic developments, (Û , φ) will
be the unique maximal element of C(M̂,M) and M̃ will be the topological space just defined.

So, now we need to prove the hypotheses of the Lemma. We begin by proving the easy
properties.

Lemma 7.17. Suppose that M̃ is Hausdorff. Then it is second countable and Hausdorff and
we can find a differentiable and Lorentz metric structure and the required inclusion to make it a
globally hyperbolic development of our initial data with both M and M̂ isometrically embedding
into it.

Proof. Most of the ideas used in this proof are very similar to those in Lemma 7.10. It is ob-
viously second countable as K is, so this completes the topological properties. Now everything
except global hyperbolicity follows in exactly the same way, and we repeat the arguments very
briefly for completeness. The inclusion-and-projection maps π : M → M̃ and π̂ : M̂ → M̃ are
homeomorphisms onto their images, so as before given a chart (V, ψ) for M say we define a chart
on M̃ by (π(V ), ψ ◦ π−1). Given two charts on M and M̂ , (V, ψ) and (V̂ , ψ̂), the intersection
must lie in π̂(Û) and so the transition function is ψ ◦ π−1 ◦ π̂ ◦ ψ̂−1 = ψ ◦ φ ◦ ψ̂−1. Thus we have
a differentiable structure. As now π and π̂ are diffeomorphisms, as before we obtain a smooth
Lorentz metric by pulling back, this being well defined because φ is an isometry. As φ is time
orientation preserving, we can find a time orientation on M̃ such that both π and π̂ are time ori-
entation preserving. Again, we have a solution to the vacuum Einstein equations. The inclusion
Φ̃ : Σ → M̃ is just π ◦ Φ = π̂ ◦ Φ̂, these being equal because φ is an isometric embedding and
Û necessarily contains Φ̂(Σ). Working locally it is immediate that we have the required induced
metric and second fundamental form, and that π and π̂ are the desired isometric embeddings.

It only remains to show that M̃ is globally hyperbolic. Suppose that γ is an inextendible
timelike curve in M̃ . γ must enter at least one of π(M) or π̂(M̂) and taking a preimage we obtain
as before an inextendible timelike curve in M or M̂ , which must intersect the relevant image of Σ.
So we know that γ intersects Φ̃(Σ). It remains to show that it cannot intersect it twice. Suppose
it does and we have γ(t0) ∈ Φ̃(Σ) and γ(t1) ∈ Φ̃(Σ). As otherwise γ would only lie in π(M) or
π̂(M̂), which are globally hyperbolic, between these points, we know that there are s0 and s1 in
(t0, t1) such that γ(s0) ∈ π(M \ φ(Û)) and γ(s1) ∈ π̂(M̂ \ Û). These sets are closed in M̃ because
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Û is open, and are disjoint. It follows that there is some subinterval I of the interval from s0 to
s1 so that γ|I is an inextendible timelike curve in π̂(Û); as Û is globally hyperbolic, it follows that
this must intersect ĩ(Σ), so there is some point t2 in (t0, t1) at which γ intersects Φ̃(Σ). Continuing
inductively, we obtain a sequence of points (tn) ⊂ [t0, t1] with γ(tn) ∈ Φ̃(Σ) for all n, and taking a
subsequence if necessary we can assume this sequence converges. As Φ̃(Σ) is closed, the limit t is
also in Φ̃(Σ), and then by taking n sufficiently large, as γ is continuous, we can suppose that the
image of the interval between tn and t lies in π̂(Û). But this is globally hyperbolic, and so cannot
have a timelike curve contained in it intersecting Φ̃(Σ) twice.

The proof of Theorem 7.7 will now be complete if we can prove that M̃ is Hausdorff. This
requires the application of considerably more causality theory than was stated earlier.

7.4.2 Further causality theory and applications

We will work with the causal future and past of Φ̂(Σ) separately, and we begin by stating an easy
corollary of Lemma 7.3 that will be used to obtain contradictions to statements “this curve must
intersect the Cauchy hypersurface”.

Lemma 7.18. If α is a timelike curve in a globally hyperbolic spacetime M with Cauchy hyper-
surface Σ, and α(t) ∈ J+(Σ), then α cannot intersect Σ to the future of α(t).

Proof. If it did, adjoining the future-pointing causal curve from Σ to α(t) and the future-pointing
timelike curve from α(t) to the supposed intersection and appealing to Lemma 7.3 gives a future-
pointing timelike curve passing through Σ twice. This is impossible.

We will also require a couple of alternative properties that characterise a globally hyperbolic
spacetime without reference to a Cauchy hypersurface.

Lemma 7.19 ([6], Corollary 39, p. 422 and references). A spacetime (M, g) is globally hyperbolic
(that is, has a Cauchy hypersurface) if and only if the following two conditions hold:

1. (The Strong Causality Condition) For every point p ∈ M and every open neighbourhood V
of p, there is an open neighbourhood U of p so that every causal curve with endpoints in U

lies wholly in V .

2. For every pair of points p and q in M , the set J+(p) ∩ J−(q) is compact.

This compactness property can be strengthened slightly:

Lemma 7.20 ([6], (special case of) Lemma 40, p. 423). Suppose (M, g) is globally hyperbolic with
Cauchy hypersurface Σ. Then J−(p) ∩ J+(Σ) is compact.

This is not unreasonable as it says that the past of a point before our initial hypersurface is not
too big, as would be expected given finite speed. The last preliminary is to discuss time-separation,
the analogue of distance.

Definition 7.21. The time-separation of p and q in spacetime (M, g) is defined by

τ(p, q) = sup{L(α) : α is a future-pointing causal curve from p to q}

where L(α) is the length of α, taken as the integral of
√
−gα(t)(α′(t), α′(t)); as α is causal this is

real.
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If no such future-pointing causal geodesics exist, we take τ(p, q) = 0; if the set is unbounded
we take τ(p, q) = +∞ as we might expect.

In the globally hyperbolic case this supremum is attained and moreover τ is continuous.

Lemma 7.22 ([6], Proposition 19, p. 411). Suppose that spacetime is globally hyperbolic and p < q.
Then there is a causal geodesic from p to q of length τ(p, q).

Remark. In fact, we only use that a causal geodesic from p to q exists, but this is still nontrivial.

Lemma 7.23 ([6], Lemma 21, p. 412). Suppose that spacetime is globally hyperbolic. Then τ is
continuous.

We now apply these ideas to prove some basic facts about the boundaries of open sets that we
will need.

Proposition 7.24. Take spacetime (M, g), a time-oriented Lorentz manifold, and suppose it
admits a Cauchy hypersurface Σ. Further suppose that U is an open subset of M that contains Σ,
still as a Cauchy hypersurface. Then if p ∈ ∂U ∩ J+(Σ), then I−(p) ∩ J+(Σ) ⊂ U .

Proof. Suppose this fails and take q ∈ I−(p)∩J+(Σ) but not in U . Now consider I+(q); obviously
this contains p, and it’s open by Lemma 7.4. So as p ∈ ∂U , I+(q) meets U , in r, say. Consider a
future-pointing timelike curve from q to r, restrict it to U and extend it maximally in some way.
As Σ is a Cauchy hypersurface in U this must intersect Σ, but this intersection is to the future of
q ∈ J+(Σ) contrary to Lemma 7.18

Proposition 7.25. Suppose again we have such a spacetime (M, g) with Cauchy hypersurface Σ
and such an open subset U . Suppose we have two points p, q in ∂U ∩ J+(Σ) with p < q, then
there is a null geodesic α : [0, 1] → M with α(0) = p, α(1) = q. Moreover, if α is taken to be
maximal then the range of t such that α(t) ∈ ∂U ∩ J+(Σ) is an interval; in particular, this holds
for t ∈ [0, 1].

Proof. By Lemma 7.22 above, there is a causal geodesic α from p to q. If it is timelike, then we
have p � q and by the previous lemma p ∈ U , which is not true. Thus α is a null geodesic. By
reparametrising, we obtain α(0) = p and α(1) = q. It remains to show that the range of t such
that α(t) ∈ ∂U ∩ J+(Σ) is an interval. Suppose we have t0 < t1 < t2 and this is true for t0 and
t2. We need to show that α(t1) /∈ U and α(t1) ∈ Ū , as by adjoining α to an appropriate causal
curve it’s clear that α(t1) ∈ J+(Σ).

If α(t1) ∈ U , as U is open there is an r ∈ U with α(t1) � r. It follows by the corollary
to Lemma 7.3 that α(t0) � r, and so if we restrict the timelike curve from α(t0) to r to an
appropriate subinterval it is maximal in U and must intersect Σ to the future for α(t0). Applying
Lemma 7.18 this is impossible.

On the other hand, if α(t1) /∈ Ū , as this complement is an open neighbourhood of α(t) we
can find a smaller open neighbourhood using the strong causality condition and r in it such that
r � α(t1) and the timelike curve from r to α(t1) remains outside Ū ; in particular it does not meet
Σ. Extending this timelike curve to an inextendible timelike curve in M , by Lemma 7.18 it cannot
meet Σ to the future of α(t1) ∈ J+(Σ), so it must do so to the past of r. Hence r ∈ I+(Σ) ⊂ J+(Σ).
Thus r � α(t1) ≤ α(t2) implies by combining Lemma 7.3 and the previous lemma that r ∈ U ,
which is impossible.
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Proposition 7.26. Suppose we have a sequence of points pi in ∂U ∩J+(Σ), with p1 < p2 < · · · <
pk and the inextendible null geodesic γ has image containing two of them neither of which is p1,
then its image contains all of them.

Proof. This uses the previous lemma repeatedly. Suppose γ has image containing pj and pm,
2 ≤ j < m, and we have i < j. Then, by the previous lemma, there’s a null geodesic β from pi to
pj . If β and (an appropriate restriction of) γ do not join up to form a null geodesic, by Lemma 7.3
we have pi � pm, and so pi ∈ U ; so they must. As γ is maximal it follows that pi also appears in
the image of γ. Now we know that p1 and p2 are both in the image of γ and the reverse argument
to the above using geodesics β from p2 to pi for i > 2 implies that all the pi are in the image of
γ.

7.4.3 Proving the common extension is Hausdorff

We now prove that M̃ is Hausdorff. We begin by making the following observations about pairs
of points for which the Hausdorff condition fails.

Lemma 7.27. Given a pair of points in M̃ for which the Hausdorff property fails, one of them is
in π̂(∂Û) and the other is in π(∂φ(Û)). Call the former π̂(p̂) and the latter π(p). Given p̂, p is
given by

lim
t→0−

φ ◦ γ(t)

for γ an appropriately directed timelike curve in M̂ such that γ(0) = p̂ and conversely; in particular,
each is unique given the other and we have p̂ ∈ J+(Φ̂(Σ)) if and only if p ∈ J+(i(Σ)) and similarly
for the causal past.

Proof. Firstly it is obvious that they cannot both be in π(M) or π̂(M̂), because these are home-
omorphic to M and M̂ which are Hausdorff. Without loss of generality, therefore, suppose that
π̂(p̂) ∈ M̂ \ Û and π(p) ∈ M \ φ(Û). Note that as π and π̂ are both injective, p and p̂ are
well-defined. If, for instance, p̂ /∈ ¯̂

U , then we can find an open neighbourhood of π̂(p̂) disjoint
from π̂(Û) and so from π(M), so the points do satisfy the Hausdorff property. Thus p̂ ∈ ∂Û , and
similarly for p.

We suppose for the sake of argument that p̂ ∈ J+(Φ̂(Σ)), and thus that the γ of the lemma is
future-directed. Before even beginning we have to observe that γ does lie in Û for an appropriate
range of t, which follows from Proposition 7.24.

That is, we know that (a subset of) the chronological past of p̂ and p is in the region which is
identified. The first thing to show is that the identification identifies the chronological past of p
with that of p̂. That is, we suppose that

q̂ ∈ Û such that q̂ � p̂

and show that
φ(q̂) � p

Taking appropriate points on timelike curves, we choose q̂1 ∈ Û with q̂ � q̂1 � p̂ and a sequence
of points qn in M with qn → p and p� qn for all n. Then for each n, as chronological futures and
pasts are open, we obtain that π̂(I+(q̂1)) and π(I−(qn)) are open sets and contain π̂(p̂) and π(p)
respectively. It follows that they intersect, say in some point π̂(q̂2) = π ◦ φ(q̂2), and as all these
maps are time orientation preserving isometries we obtain φ(q̂1) � φ(q̂2) � qn. Letting n → ∞
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and appealing to the closedness of ≤ (Lemma 7.5), it follows that φ(q̂1) ≤ p. Then by applying
the corollary to Lemma 7.3 we deduce from φ(q̂) � φ(q̂1) ≤ p that φ(q̂) � p as desired. The
converse also holds by a similar argument: given q ∈ U with q � p, φ−1(q) � p̂.

We now prove the limit statement desired. Suppose we have a neighbourhood V of p. Take
a point q in both the chronological past of p and the set given by the strong causality condition
(Lemma 7.19), so that q � p and I+(q) ∩ I−(p) ⊂ V . Then applying the converse to the above
statement, φ−1(q) � p̂. Since � is an open relation and γ is a future-pointing timelike curve with
γ(0) = p̂, for t sufficiently small and negative we obtain φ−1(q) � γ(t) � p̂. Applying φ gives
q � φ ◦ γ(t) � p for such t; in particular, φ ◦ γ(t) ∈ V . This proves the desired statement. We
deduce that p ∈ J+(i(Σ)) as the restriction of γ to Û must intersect Φ̂(Σ), at some t < 0. Thus
φ◦γ must intersect i(Σ) and p is in the causal future. The converse argument, to prove uniqueness
of p̂ given p, is similar.

The argument is also similar in the case of the causal past.

Having established this, we now make some more definitions.

Definition 7.28. We continue to work in the situation above. We define Ĥ± as the set of those
points in J±(Φ̂(Σ)) ∩ ∂Û such that there is a pair of points including π̂(p̂) where the Hausdorff
condition fails and H± similarly. We then define H(p̂) to be the point p from the previous lemma
given p̂ ∈ Ĥ±.

In this notation, all we have to do is show that the Ĥ± are empty; then M̃ is Hausdorff. We
will now proceed to show that Ĥ+ is empty; the arguments for Ĥ− follow by reversing time.

Our argument leads to the construction of a new spacelike hypersurface so that we can extend
Û . To construct this surface, we use causality, so we need to prove various statements relating the
topology to causality theory. Firstly, we have the following statement that causality behaves with
pairs of points failing the Hausdorff property, thus:

Lemma 7.29. Suppose that p̂ ∈ Ĥ+, and p = Ĥ(p̂). Then given any q̂ ∈ Û , q̂ � p̂ if and only if
φ(q̂) � p. Also, given some other q̂ ∈ Ĥ+, q̂ < p̂ if and only if Ĥ(q̂) < p.

Proof. The first statement is proved in the proof of the last lemma, so we have to prove the
second statement. Suppose that q̂ < p̂ and take γ̂ a timelike geodesic with γ̂(0) = q̂, so that
φ ◦ γ̂(t) → Ĥ(q̂) as t → 0−. By construction we know that for t < 0 small, γ̂(t) � q̂ < p̂ and so
γ̂(t) � p̂, by the corollary to Lemma 7.3. By the first statement it follows that φ ◦ γ̂(t) � p, and
using that ≤ is closed on this globally hyperbolic spacetime (Lemma 7.5), we obtain Ĥ(q̂) ≤ p. If
p = Ĥ(q̂), by uniqueness p̂ = q̂, which is false, so Ĥ(q̂) < p. The converse is similar.

We will identify an appropriate set using the exponential map. Therefore, we will need normal
coordinates, and we will ask for the slightly stronger property of convexity.

Definition 7.30. An open set in a manifold, which might be Riemannian or Lorentzian, is called
convex is it is a normal neighbourhood of each of its points.

Remark. The reason for this terminology is that unwinding “bijectivity of the exponential map
at each point” yields that there is a unique geodesic between any two points in a convex set.

Lemma 7.31. Suppose that p̂ ∈ Ĥ+ and p = Ĥ(p̂). Then there are open neighbourhoods V̂ and
V of p̂ and p, and a diffeomorphism ζ between them such that ζ = φ on Û ∩ V̂ and ζ agrees with
the function Ĥ on Ĥ+. Moreover, V̂ ∩ ∂Û ⊂ Ĥ+, V̂ is convex, and V̂ ⊂ I+(Φ̂(Σ)).

42



Proof. We proceed by taking points just before p̂ and p which are identified and using the expo-
nential map to construct the diffeomorphism ζ.

To find the required points, let γ̂ be a future-pointing timelike geodesic in M̂ with γ̂(0) = p̂.
By our prescription for finding p, and since φ is an isometry, we know that for t < 0 small enough,
γ = φ ◦ γ̂ is a geodesic in M with

p = lim
t→0−

φ ◦ γ̂(t)

and γ̂(t) ∈ I+(Φ̂(Σ)).
Now by Lemma 6.4 we can extend γ to geodesic on some open interval I containing 0 such

that, for t negative and in I, γ(t) = φ ◦ γ̂(t), γ̂(t) ∈ I+(Φ̂(Σ)). For notational simplicity suppose
that γ̂ is also defined on the interval I, and take some t0 < 0 in I; set q̂ = γ̂(t0) and q = γ(t0) so
φ(q̂) = q. Further suppose that γ(I) and γ̂(I) are contained in convex sets W and Ŵ , which is
always possible.

Now as φ(q̂) = q we can push forward the tangent space Tq̂M̂ to TqM using φ. As φ is
a diffeomorphism, so is this pushforward, and in particular it’s continuous. So we can find an
open subset of the tangent space that pushes forward to exp−1

q (W ); this subset contains p̂ as
p ∈ W , using our prescription to identify p. Intersecting this with exp−1

q̂ (Ŵ ) and applying the
diffeomorphism expq̂ we obtain there’s a open set X̂ containing p̂ such that

φ∗ exp−1
q̂ (X̂) ⊂ exp−1

q (W )

Now we take X̂ ∩ I+(q̂) which is clearly also an open set containing p̂, and take the further open
subset given by the strong causality condition to be V̂ . As q̂ ∈ I+(Φ̂(Σ)), by combining timelike
curves V̂ ⊂ I+(Φ̂(Σ)), and open subsets of convex sets are convex.

We define ζ on V̂ in the obvious way, by

ζ = expq ◦φ∗ ◦ exp−1
q̂

ζ is obviously a diffeomorphism onto its image, as all these maps are; its image contains ζ(p̂) = p

and we let V be this image, ζ(V̂ ). It remains to prove that ζ agrees with φ on Û , that V̂ ∩∂U ⊂ Ĥ+

and ζ agrees with H+ there.
So, suppose that r̂ ∈ Û ∩ V̂ . In particular, r̂ ∈ I+(q̂) so the geodesic α̂ from α̂(0) = q̂ to

α̂(1) = r̂ guaranteed by convexity is future-pointing timelike (as it’s unique and by our choice of
set using the strong causality condition and Lemma 7.22 such a geodesic must exist). By definition,
α̂′(0) = exp−1

q̂ (r̂). As q̂ ∈ I+(Φ̂(Σ)), α̂([0, 1]) ⊂ Û ; if not, taking the second interval of its being in
Û must intersect Φ̂(Σ) and then we can construct a timelike curve intersecting Φ̂(Σ) twice. Thus
α = φ ◦ α̂ is a timelike geodesic in M . Therefore, we obtain using the definition of pushforward
that

ζ(r̂) = expq φ∗α̂
′(0) = expq α

′(0) = α(1) = φ(r̂)

as desired.
Now suppose that r̂ ∈ ∂Û∩V̂ . Again there is a timelike geodesic α̂ with α̂(0) = q̂ and α̂(1) = r̂.

For the same reason as before we still have that α̂([0, 1)) ⊂ Û (we need to prove it first for t < 1
close to 1, but this follows by Proposition 7.24.) We know that φ(α̂(t)) = ζ(α̂(t)) for t < 1, and
so that φ ◦ α̂(t) → ζ(r̂) as t → 1−. But now the pair (π̂(r̂), π(ζ(r̂))) does not have the Hausdorff
property because for any open set containing either will contain a point π̂(α̂(t)) = π(φ ◦ α̂(t)) for
t close enough to 1. This proves that r̂ ∈ Ĥ+ and H+(r̂) = ζ(r̂) as we want.
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Lemma 7.32. Suppose that Ĥ+ is nonempty. Then there is p̂ ∈ Ĥ+ such that

J−(p̂) ∩ J+(Φ̂(Σ)) ∩ ∂Û = {p̂}

i.e. that p̂ is a desired “earliest” point in ∂Û .

Proof. Pick some point p̂0 ∈ Ĥ+. If p̂0 is earliest in ∂Û , we are done, so suppose not.
We first show that if p̂0 is not earliest in the given sense, we can find “earlier” points that

are in Ĥ+. The condition fails for p̂0, so we have a p̂1 ∈ J+(Φ̂(Σ)) ∩ ∂Û with p̂1 < p̂0. By
Proposition 7.25, we can find a null geodesic γ̂ from γ̂(0) = p̂1 to γ̂(1) = p̂0 entirely contained in
J+(Φ̂(Σ)) ∩ ∂(Û). By the previous lemma, which gives that Ĥ+ is open, for t near 1, γ̂(t) ∈ Ĥ+.
Thus we can take q̂ = γ̂(τ) for some τ to have p̂1 < q̂ < p̂0, the first of these conditions giving
that q̂ ∈ J+(Φ̂(Σ)), and γ̂(t) ∈ Ĥ+ for any t ≥ τ .

Now set p0 = Ĥ(p̂0) and q = Ĥ(q̂). We want to construct a similar geodesic γ. By Lemma
7.29, we know q < p0 and so using Proposition 7.25 again we can find a null geodesic γ from
γ(τ) = q to γ(0) = p0; note that we could reconstruct γ̂ from the two points p̂0 and q̂ also. Taking
γ and γ̂ maximal geodesics in M and M̂ we know from Proposition 7.25 that the domains K and
K̂ where they lie in ∂φ(Û) ∩ J+(i(Σ)) and ∂Û ∩ J+(Φ̂(Σ)) are intervals; as preimages of closed
sets under continuous maps they are closed. Moreover, the maximal geodesics must intersect i(Σ)
and Φ̂(Σ), and must do this to the left by applying Lemma 7.18. It follows in particular that K
and K̂ are bounded to the left.

As we want the earliest point, therefore, let t0 be the left endpoint of K̂. We want to show
that p̂ = γ̂(t0) is the point required, so we have to show that it is in Ĥ+ and the relevant causality
condition. The causality condition is easiest so we prove it first. If it fails, we have some r̂ < p̂

again in ∂Û ∩ J+(Φ̂(Σ)) and so another null geodesic α̂ from r̂ to p̂. If these geodesics join up, t0
cannot have been earliest. Otherwise, by applying Lemma 7.3, we deduce that r̂ � p̂0 and this
contradicts Proposition 7.24, as r̂ /∈ Û . So the causality requirement is proved and it only remains
to show p̂ ∈ Ĥ+. It’s obviously sufficient to show that γ̂([t0, 0]) ⊂ Ĥ+ so let

I = {t ∈ [t0, 0] : γ̂(s) ∈ Ĥ+ for all 0 ≥ s ≥ t}

Obviously τ ∈ I by choice of τ . We consider t = inf I; we want to prove that t ∈ I and we may
obviously suppose t < τ otherwise this is trivial.

Suppose that tj → t are a sequence of points with τ > tj > t and tj ∈ I. The points with
0 ≥ s > t have γ(s) lying in Ĥ+ because for j large enough s > tj and tj ∈ I, so to prove t ∈ I
all we need to show is that γ(t) ∈ Ĥ+. As γ̂ is future-pointing and using Lemma 7.29, which says
that Ĥ preserves causal direction, we have for each j

Ĥ(γ̂(tj)) < Ĥ(γ̂(τ)) < Ĥ(γ̂(0)) = p0

These three points all lie in J+(i(Σ))∩∂φ(Û) and the latter two are guaranteed to be in the image
of γ, so by Proposition 7.26 we have that Ĥ(γ̂(tj)) is also in the image of γ. Thus all the points
Ĥ(γ̂(tj)) lie in the image of γ, and causally before p0 = γ(0). Thus they all lie in γ(K ∩ [−∞, 0])
which is compact. Hence, by taking a subsequence we may assume that Ĥ(γ̂(tj)) converge to
r say. It remains to prove that π̂(γ̂(t)) and π(r) form a pair for which the Hausdorff property
fails. But given open neighbourhoods of each, for some j large enough, π̂(γ̂(tj)) is in the first and
π(Ĥ(γ̂(tj))) is in the second. Therefore, they cannot be disjoint, and γ̂(t) ∈ Ĥ+, so t ∈ I.

But now if t > t0, the openness of Ĥ+ implies that some slightly smaller t is also in I, and so
we have a contradiction. Thus the infimum is t0. In particular, γ̂(t0) ∈ Ĥ+ as we want.
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We will be working with this point p̂, and we will want to guarantee points are near it without
referring directly to the topology. We thus prove

Lemma 7.33. Let p̂ be as above, in Ĥ+ and the “earliest” point in ∂Û , and let Ŵ be some
neighbourhood of p̂. Then there exists q̂ with p̂� q̂ and

J−(q̂) ∩ ÛC ∩ J+(Φ̂(Σ)) ⊂ Ŵ

Proof. To look for points in the chronological future of p̂, let γ be a future-pointing timelike curve
with γ(0) = p̂, and we look for points corresponding to t > 0. Suppose no such exist with the
required property, and then taking a sequence of positive tj → 0 with γ(tj) all defined, we obtain
a sequence of points

p̂j ∈ J−(γ(tj)) ∩ ÛC ∩ J+(Φ̂(Σ)) ∩ ŴC

We fix some t > 0 with γ(t) defined. As tj → 0, for j large enough we have p̂j < γ(tj) < γ(t) and
so by combining p̂j < γ(t); thus,

p̂j ∈ J−(γ(t)) ∩ ÛC ∩ J+(Φ̂(Σ)) ∩ ŴC

Now this is compact, as it’s a closed subset of J−(γ(t))∩ J+(Φ̂(Σ)), which is compact by Lemma
7.20. Thus by taking a subsequence we may suppose that the p̂j converge to some r̂ also in this
set. We can even strengthen the first condition slightly, since p̂j < γ(tj) for all j implies that
r̂ ≤ γ(0) = p̂ by the closure of ≤ in a globally hyperbolic spacetime (Lemma 7.5), to obtain

r̂ ∈ J−(p̂) ∩ ÛC ∩ J+(Φ̂(Σ)) ∩ ŴC

As r̂ /∈ Ŵ , it follows r̂ < p̂. Now we let α be a future-directed inextendible timelike curve with
α(0) = r̂. α must intersect Φ̂(Σ) and it must do so to the past of α(0) ∈ J+(Φ̂(Σ)) by Lemma
7.18, so we can let s < 0 be such that α(s) ∈ Φ̂(Σ). But now α(s) ∈ Û and α(0) /∈ Û so we define

t = sup
s<r≤0

{α(r) /∈ Û}

By continuity, α(t) ∈ ∂Û and because of the earliestness property of p̂, r̂ /∈ ∂Û so t < 0. We
obtain

α(t) � α(0) = r̂ ≤ p̂

which implies that α(t) ∈ Û by Proposition 7.24, which is a contradiction. Hence one of our γ(tj)
had the desired property and some such q̂ exists.

We now combine these last three lemmas to prove the existence of a set that will extend Û

and an appropriate spacelike surface.

Proposition 7.34. Suppose Ĥ+ is not empty. Then there exists an appropriate point p̂ ∈ Ĥ+,
open neighbourhoods V̂ of p̂ and V of Ĥ(p̂) and a diffeomorphism ζ between them. Moreover, there
is a nonempty open set X̂ ⊂ Û ∩ V̂ whose boundary in V̂ is a smooth spacelike hypersurface.

Proof. By the second lemma, we can find an “earliest” p̂ ∈ Ĥ+, that is

J−(p̂) ∩ J+(Φ̂(Σ)) ∩ ∂Û = {p̂}
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By the first lemma there are open neighbourhoods V̂ of p̂ and V of p = Ĥ(p̂) and a diffeomorphism
ζ : V̂ → V , such that ζ agrees with φ on Û and with Ĥ on ∂Û (recall that the intersection
V̂ ∩ ∂Û ⊂ Ĥ+); further, we have that V̂ ⊂ I+(Φ̂(Σ)) and is convex.

We let Ŵ be an open neighbourhood of p̂ with compact closure contained in V̂ and apply our
third lemma to deduce that there exists a q̂ with p̂� q̂ and

J−(q̂) ∩ ÛC ∩ J+(Φ̂(Σ)) ⊂ Ŵ

We now recall the time-separation τ(p, q), the supremum of the lengths of causal curves from
p to q, and that it is continuous (Lemma 7.23). Therefore, if we define χ(r̂) = τ(r̂, q̂), that is the
greatest time taken to travel from r̂ to q̂, this is a continuous function of r̂. As the closure of
Ŵ is compact and J+(Φ̂(Σ)) is the complement of the open chronological past I−(Φ̂(Σ)) (using
Lemma 7.3), χ attains its maximum, d say, in the compact set

ÛC ∩ J+(Φ̂(Σ)) ∩ ¯̂
W

Obviously p̂ is in this set; as p̂ � q̂, we have d > 0. Now define X̂ to be the subset of V̂ where
χ(r̂) > d. By continuity it is obvious that X̂ is open; it remains to show it is contained in Û and
has a smooth spacelike boundary.

Suppose that r̂ ∈ V̂ . Then in particular r̂ ∈ I+(Φ̂(Σ)) ⊂ J+(Φ̂(Σ)) and χ(r̂) = τ(r̂, q̂) > d > 0,
so we have q̂ � r̂. If also r̂ /∈ Û ,

r̂ ∈ J−(q̂) ∩ ÛC ∩ J+(Φ̂(Σ)) ⊂ Ŵ

by choice of q̂. Thus it follows that r̂ is in the compact set used above and thus that χ(r̂) ≤ d

which is a contradiction.
It only remains to show that the boundary of X̂ in V̂ is smooth and spacelike. As V̂ is convex,

we can take its inverse image under the exponential map expq̂. By construction, the boundary of
X̂ is those points in V̂ with χ(r̂) = d, and so its inverse image under the exponential map is an
open subset of the tangent vectors with gq̂(v, v) = −d2. These form a hyperboloid, so we obtain for
the inverse image an open subset of this hyperboloid; in particular, reversing the diffeomorphism
it is obvious that the boundary is smooth. By Gauss’s Lemma (the exponential map preserves
inner products with the radial direction) we obtain that also at all these points there is a timelike
normal vector (the vector that was originally radial and was normal to the hyperboloid), which
proves the surface is spacelike.

We can now finally prove

Lemma 7.35. Ĥ+ is empty.

Proof. Suppose not. Applying the previous proposition we have an appropriate point p̂ ∈ Ĥ+,
open neighbourhoods V̂ of p̂ and V of Ĥ(p̂) and a diffeomorphism ζ between them, agreeing with
φ on Û , together with a nonempty open set X̂ ⊂ Û ∩ V̂ whose boundary in V̂ is a smooth spacelike
hypersurface.

Let S be the boundary of X̂ in V̂ S. We want to show that, locally about S, ζ is in fact
an isometry, so that we can extend φ contrary to maximality of Û . We know that ζ is a dif-
feomorphism, so it suffices to show that it preserves the metric. Pulling back the metric on M

we have two metrics ĝ and ζ∗g on V̂ ; we want to show they agree in an open set containing S.
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However, they must agree on X̂; it is contained in Û where ζ∗g = φ∗g = ĝ, and as metrics are
continuous we obtain that they agree on S. Therefore the first and second fundamental forms
corresponding to these two metrics agree; for the first fundamental form this is obvious. For the
second, because X̂ is foliated by images of appropriate other hyperboloids, S is the boundary of
a manifold-with-boundary ¯̂

X not just as a topological space. We then observe that if we take an
expression in coordinates for the second fundamental form, the only dangerous term is the one
involving differentiating the inner product of the two vector fields in the normal direction; but
these inner products agree at least on one side so their derivatives must too. By applying Theo-
rem 6.11 to these developments of this initial data on S, we obtain that the two metrics agree in
some neighbourhood D̂ of S that forms a a globally hyperbolic development with S as a Cauchy
hypersurface.

Now we have a larger set Û ∪ D̂ and an appropriate isometric embedding defined by taking
whichever of ζ or φ is appropriate; recall that where these are both defined they agree. To
contradict the maximality of (Û , φ) in C(M̂,M) (which was used to construct M̃ in Definition
7.15), it merely suffices to prove that Φ̂(Σ) is also a Cauchy hypersurface in Û ∪ D̂. Suppose that
γ is an inextendible timelike curve in Û ∪ D̂. If γ intersected Φ̂(Σ) twice, we have a timelike curve
in M̂ intersecting Φ̂(Σ) twice, which is absurd. So suppose that γ does not intersect Φ̂(Σ) at all.
Then it cannot intersect Û , as a subset forming an inextendible timelike curve in Û must intersect
Φ̂(Σ) (as Φ̂(Σ) is a Cauchy hypersurface in Û .) But γ does lie in D̂, then, and so must intersect
S, a Cauchy hypersurface in D̂. As X̂ ⊂ Û , S, a certain boundary of X̂ must be contained in
¯̂
U . As γ cannot cannot meet Û , so it must meet ∂Û . But then applying Proposition 7.24 we
obtain that it does meet Û , which is a contradiction. So γ does intersect Φ̂(Σ), and we have global
hyperbolicity. The contradiction implies that Ĥ+ is empty.

By reversing time, it can be proved that Ĥ− is empty. By Lemma 7.27, M̃ is now Hausdorff
and applying Lemmas 7.17 and 7.16, we obtain existence in Theorem 7.7. as desired.

8 Appendix A: Relationship between a manifold and sub-

manifold, and derivation of the second fundamental form

Let M̄ be a submanifold of a manifold M , such that dim(M) = dim(M̄) + 1.

Figure 1

In this case, for vector fields X,Y ∈ TM̄ , it is natural to ask how the covariant derivative
∇XY in M can be related to the derivative ∇̄XY in M̄ . To that end, it is useful to split ∇XY
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into tangential (w.r.t. M̄) and normal components:

∇XY = (∇XY )‖ + (∇XY )⊥.

One can then show that (∇XY )‖ is none other than ∇̄XY . At the same time, (∇XY )⊥ is used to
define the second fundamental form k, via

∇XY = ∇̄XY + k(X,Y )N. (101)

Here we have used the fact that, since M̄ has co-dimension 1, we may write the vector field (∇XY )⊥

as a scalar function of X,Y times the normal N . We call this function the second fundamental
form.

From the definition we clearly have

k(X,Y ) = g(∇XY,N). (102)

It will sometimes be more convenient to work with the equivalent form

k(X,Y ) = −g(Y,∇XN). (103)

justified by the following computation (using the compatibility of ∇ with g)

k(X,Y ) = g(∇XY,N)

= ∇X g(Y,N)︸ ︷︷ ︸
=0

−g(Y,∇XN).

It turns out that k is symmetric in X,Y ∈ TM̄ . To see this, note that from the definition of
k and using the fact that the connection ∇ is torsion-free

k(X,Y ) = g(∇XY,N) = g([X,Y ], N) + g(∇YX,N) = g([X,Y ], N) + k(Y,X).

But the Lie bracket [·, ·] of two vectors in TM̄ gives another vector in TM̄ , hence the first term
vanishes and we are left with

k(X,Y ) = k(Y,X).

(101) may in turn be used to find a relationship between the Riemann Curvature tensor R on
M and the corresponding tensor R̄ on M̄ . Specifically, one may derive the Gauss and Codazzi
Equations. When R is viewed as a

(
1
3

)
-tensor, these equations describe the tangential and normal

components respectively of R.
In both cases we make use of the following calculation:

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

= ∇X(∇̄Y Z + k(Y,Z)N)−∇Y (∇̄XZ − k(Y,Z)N)− ∇̄[X,Y ]Z − k([X,Y ], Z)N

= ∇̄X∇̄Y Z + k(X, ∇̄Y Z)N +∇X(k(Y,Z)N)

−∇̄Y ∇̄XZ − k(Y, ∇̄XZ)N −∇Y (k(X,Z)N)− ∇̄[X,Y ]Z − k([X,Y ], Z)N

= R̄(X,Y )Z +∇X(k(Y, Z)N)−∇Y (k(X,Z)N) + k(X, ∇̄Y Z)N − k(Y, ∇̄XZ)N − k([X,Y ], Z)N
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Theorem 8.1. Let N be the normal to M̄ in M , and let W ∈ TM̄ . Then

Gauss Equation:

g(R(X,Y )Z,W ) = g(R̄(X,Y )Z,W )− k(Y,Z)k(X,W ) + k(X,Z)k(Y,W ) (104)

Codazzi Equation:

g(R(X,Y )Z,N) = (∇̄Xk)(Y,Z)− (∇̄Y k)(X,Z) (105)

Proof. To obtain the Gauss (tangential) equation, we let W ∈ TM̄ and form the inner product
g(R(X,Y )Z,W ). This kills the three terms proportional to N , and we obtain

g(R(X,Y )Z,W ) = g(R̄(X,Y )Z,W ) + g(∇X(k(Y,Z)N),W )− g(∇Y (k(X,Z)N),W ). (106)

The second terms require some manipulation. Since N ⊥W , we have

0 = ∇Xg(k(Y, Z)N,W )

= g(∇X(k(Y,Z), N),W ) + g(k(Y, Z)N,∇XW ),

which implies

g(∇X(k(Y, Z), N),W ) = −g(k(Y,Z)N, ∇̄XW + k(X,W )N)

= −k(Y,Z)k(X,W ) since ∇̄XW ⊥ N.

Substituting back into (106) gives the Gauss Equation.
For the Codazzi (Normal) equations, we form the inner product with N instead. Since R̄

viewed as a
(
1
3

)
-tensor takes values in TM̄ , the first term vanishes and we are left with

g(R(X,Y )Z,N) = g(∇X(k(Y, Z)N), N)−g(∇Y (k(X,Z)N), N)+k(X, ∇̄Y Z)−k(Y, ∇̄XZ)−k([X,Y ], Z).
(107)

Zeroing in and massaging the first term we obtain

g(∇X(k(Y, Z)N), N) = k(Y, Z)g(∇XN,N) + g(X(k(Y,Z))N,N)

= k(Y, Z)
1
2
∇Xg(N,N) +X(k(Y,Z))g(N,N)

= X(k(Y, Z))

= ∇̄X(k(Y,Z))

= (∇̄Xk)(Y, Z) + k(∇̄XY, Z) + k(Y, ∇̄XZ).

In the above calculation, we have used the identity ∇Xf = ∇̄Xf = X(f), valid for all scalar
valued functions defined on the submanifold M̄ and all X ∈ TM̄ . We have also used (19) to take
the covariant derivative of a

(
0
2

)
-tensor in the last line.

Substituting back into (107) we obtain

g(R(X,Y )Z,N) = (∇̄Xk)(Y, Z)− (∇̄Y k)(X,Z) + k(∇̄XY, Z)− k(∇̄YX,Z)− k([X,Y ], Z).

However, since the connections ∇ and ∇̄ are both torsion free, we have

[X,Y ] = ∇XY −∇YX = ∇̄XY − ∇̄YX

for all X,Y ∈ TM̄ , so that the last three terms drop out as desired.
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